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General introduction 

Due to their large panel of applications, refractory materials are used in many industrial 

areas such as the steel, cement, lime, non-ferrous metals and glass processing. Indeed, they can 

provide, first, high temperature resistance to specific parts required for many industrial installations. 

Moreover, if well selected, in accordance with the desired application, refractory materials can also 

ensure enhanced resistance against corrosion mechanisms and external mechanical loads. These 

features are essential to both increase the security of workers and save production costs. 

Nevertheless, in the special case of thermal shock applications, involving high local thermal 

stresses, the fulfilment of these previous required specifications is not sufficient to select the more 

appropriate refractory material. The thermal shock resistance of refractories is an old issue, but still 

not fully explored, known to be closely related to the crack growth resistance of such materials, as 

well as their mechanical behaviour which deviates from pure linear elasticity when increasing 

strain. Indeed, the mechanical behaviour of refractories, most of the time, do not fulfil the main 

conditions of pure linear elasticity since the relation between stress and strain is not proportional, 

irreversible strain occurs when unloading and the consumed energy is not only located in front of 

the crack tip but also behind it. To simplify the denomination, this specific behaviour will be called 

“non-linear mechanical behaviour” in the present thesis. The improvement of thermal shock 

resistance of refractories requires a better understanding of the relationships existing between the 

microstructure and the associated thermo-mechanical properties, at macroscopic scale. 

In order to investigate these microstructure/property relationships, previous works at the 

Heterogeneous Materials Research Group (GEMH, Limoges, France) were carried out, proposing to 

consider model two-phase materials with simple microstructure, namely glass-alumina composites, 

with thermal expansion mismatch. Indeed, these model materials, much less complex than industrial 

ones, allowed to get preliminary experimental and numerical results concerning the identification of 

parameters influence, in relation with the microstructure. Nonetheless, in order to improve the 

knowledge of real refractory materials, other closer model materials have to be considered.  

Otherwise, previous studies were carried out at the Chair of Ceramics of Leoben (CoC, 

Leoben, Austria) in order to investigate the fracture behaviour of industrial refractory materials, 

mainly magnesia-based ones (ex: magnesia-chromite, magnesia-MA spinel, magnesia-carbon 

materials, etc.), showing the interest of using the so-called wedge splitting test [TSC-91]. Moreover, 

in close collaboration with industry, many numerical studies have also been done, for several years, 
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so as to bring solutions to industrial issues. Nevertheless, these simulations, at the industrial 

structure scale, did not consider the microstructure of the refractory materials. 

One of the challenges of this co-supervised PhD thesis was to combine the different 

experiences of these two laboratories, and go beyond their previous results by investigating new 

directions and using new numerical tools. 

The first chapter is dedicated to establish the state of the art concerning thermal shock of 

refractory materials. After presenting the different possible origins of thermal stresses, the well 

known thermo-elastic and energetic analytical approaches are briefly presented with their 

limitations. The non-linear mechanical behaviour and crack growth resistance of refractories are, 

then, discussed and possible routes of improving the thermal shock resistance are given. The 

progress in numerical approaches and resources is presented as a promising support to reach this 

goal. 

In Chapter II, the two-phase materials considered in the study, namely thermally damaged 

magnesia-spinel composites, but also non-thermally damaged glass-alumina composites, are 

presented. Furthermore, the experimental characterisation techniques, mainly used to determine the 

elastic properties at high temperature and the mechanical behaviour in tension, are also detailed, as 

well as the numerical homogenisation method chosen for the simulation part of this work to assess 

the effective thermo-elastic properties of the modelled composites. 

The main objective of the preliminary numerical work, detailed in Chapter III, is to find a 

suitable Representative Volume Element (R.V.E.) for the design of the studied two-phase materials 

which should remain as simple as possible, i.e. minimising the calculation time and consumed 

resources, in order to be able to consider damage in a further step (Chapter V). Therefore, in this 

part, only linear elastic mechanical behaviour is considered and the numerical results, obtained with 

the periodic homogenisation method, are compared to the experimental ones obtained on the non-

thermally damaged glass-alumina composites. 

In Chapter IV, the magnesia-spinel composites, with different spinel inclusions contents, are 

experimentally characterised. The thermo-elastic properties are determined at local and 

macroscopic scale in order, first, to collect data allowing to assign material properties in simulations 

but, also, to highlight and quantify, if possible, the thermal damage, which occurs in such materials 

during the cooling stage of the process. Then, destructive mechanical tests are performed at room 
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temperature to study the influence of the thermal history, which is closely linked to the spinel 

inclusions content, on the mechanical behaviour in tension of such materials. 

After having studied experimentally the thermo-mechanical properties of magnesia-spinel 

composites in Chapter IV, numerical investigations are done, and presented in Chapter V, so as to 

find a way to depict well the thermal micro damage occurrence, during the cooling step, as well as 

the specific induced macro-mechanical behaviour. To reach this target, a numerical damage model, 

combined with periodic conditions, is proposed. 
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Chapter I. State of the art concerning the thermal shock 

resistance of refractories 

I. Possible origins of thermal stresses 

During a thermal shock, thermal stresses are induced by different thermal strains within the 

material due to different possible origins. 

First, at local scale, the temperature field can be assumed to be uniform. Thus, the simplest 

case consists of a homogeneous material with uniform initial temperature field T0, subjected to a 

uniform final temperature field Tf, with external mechanical conditions preventing from free 

deformation (example in 1-Dimension): 

To Tf

L0 L0  

As a rule, the total strain tot  can be expressed according to the following form: 

 elthtot    Eq. I-1 

where th  and el  are the thermal strain and the elastic strain. No residual strain is considered here. 

In the present case, since the boundaries are blocked, 0tot . Thus, the expression of the elastic 

strain el  becomes: 

 Tthel    Eq. I-2 

where α is the thermal expansion coefficient and ΔT is the imposed uniform temperature variation 

(Tf-T0). 

Then, according to the Hooke’s law for the one directional case: 
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 TEEE thel    Eq. I-3 

where E  is the Young’s modulus (material assumed to be isotropic). 

With free motion at the boundaries, the uniform cooling (or heating) of the sample, from T0 to Tf, 

would induce a thermal contraction (or expansion) but with no stress. Here, in the case of fixed 

boundaries, an imposed uniform temperature variation ΔT induces a stress level σ directly related to 

the thermal expansion coefficient α and the Young’s modulus of the material.  

This simple case can be extended to a heterogeneous material with thermal expansion mismatch 

between the contained phases or to a homogeneous polycrystalline material with anisotropic 

thermal expansion for the grains. Let’s consider the special case of a two-phase material composed 

of a matrix (m) and spherical inclusions (i). During a uniform cooling stage, from T0 to Tf, three 

different configurations [TES-06] are possible depending on the sign of the difference between the 

thermal expansion coefficients of these two phases (Figure I-1). First, if there is no difference 

between the coefficients (Figure I-1 a), no internal stress appears during cooling, and thus, no 

damage is observed. Secondly, if the thermal expansion coefficient of the inclusions is higher than 

the one of the matrix (Figure I-1 b), the inclusions will contract faster than the matrix, inducing 

circumferential compressive stresses and radial tensile stresses. Since, in ceramics, cracks occur, 

most of the time, in tension, this special case will induce debonding around the inclusions. Thirdly, 

if the coefficient of the matrix is higher than the one of the inclusions, radial compressive stresses 

will appear during cooling, as well as circumferential tensile stresses responsible for the radial 

matrix microcracking around the inclusions. 

 
-a- -b- 

 
-c- 

Figure I-1: Three possible configurations which can occur during cooling according to the sign of the 
difference between the thermal expansion coefficients of the two phases 

Thermal shock (e.g. Figure I-2) is another origin of thermal stresses acting at the structure scale 

where the material is considered as homogeneous. Here, the differential thermal strains are caused 
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by temperature gradients. By definition, for a solid initially at the uniform temperature T0 and 

suddenly placed in a medium at the temperature T≠T0: 

 if T > T0, the thermal shock is a hot thermal shock, 

 if T < T0, the thermal shock is a cold thermal shock. 

During a cold thermal shock, the surface, suddenly cooled down, tends to contract, but the centre of 

the sample, not cooled down yet, prevents from the surface contraction. Therefore, tensile and 

compressive stresses are induced on the surface, and in the centre, respectively (Figure I-2 a). The 

situation is inversed in the case of an ascending thermal shock (Figure I-2 b). 
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Figure I-2: Temperatures and stresses distribution within an infinite slab suddenly 
cooled down (a) or heated up (b) (Thermal shock) 

In fact, thermal stresses resulting from a thermal shock applied on a refractory material are 

obviously a complex combination of the different configurations presented above. Indeed, even if a 

refractory material is generally assumed to be homogeneous at structure scale (to simplify 

calculations), one should also keep in mind that their heterogeneous microstructure also involves 

important effects at lower scale. Moreover, these effects within the microstructure greatly affect 

macroscopic properties. As the present thesis concerns the study of the microstructure-property 

relationships, it will essentially focus on the case where damage is caused by thermal expansion 

mismatch (uniform temperature). One main objective will be to study this thermal damage and its 

influence on the non-linearity of the mechanical behaviour (growth of a diffuse microcracks 

network). To do that, the case where radial microcracks occur during cooling, namely 

inclusionmatrix   , will be chosen. 
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II. Fracture of refractories 

II.1. Thermo-elastic approach versus energetic approach 

The thermo-elastic and energetic approaches are two famous approaches developed during 

the 50’s and the 60’s in order to deal with thermal shocks resistance in the framework of linear 

fracture mechanics. 

The thermo-elastic approach, proposed by Kingery [KIN-55], was developed for the special 

case where the material is an infinite slab (initial temperature Ti) suddenly placed in a medium at a 

temperature Tf (see Figure I-3). The main hypotheses of this analysis are that the stress field is bi-

axial, and the material is assumed to be continuous, homogeneous and isotropic with a linear elastic 

mechanical behaviour. 

 
Figure I-3: Thermo-elastic approach of Kingery – Temperature and stress fields within the infinite slab in the 

case of a cold thermal shock 

It appeared that this approach was well suited when the resistance to thermal shock consists in 

resisting to crack initiation. Two parameters are, thus, defined according to the rate of heat transfer. 

In the case of high rate of heat transfer, if the thermal stress th  becomes equal to the tensile 

strength t  of the material, then, the minimum temperature difference cT  to produce fracture is 

reached. The first thermal shock resistance parameter R is proportional to this critical value 
cT  and 

is equal to: 

 
 







E

R t 1
 Eq. I-4 

where E, ν and α are the Young’s modulus, the Poisson’s ratio and the thermal expansion 

coefficient of the material, respectively. 
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In other words, this parameter represents the critical temperature difference for which the material 

can resist without any damage. In the case of low rate of heat transfer, the critical temperature 

difference also depends on the thermal conductivity. Therefore, a second thermal shock resistance 

parameter, R’, was introduced so that: RR   . According to these parameters, a high thermal 

shock resistance involves high thermal conductivity and tensile strength, and low Young’s modulus 

and coefficient of thermal expansion. R and R’ quantify the capacity to resist to crack initiation but, 

in case of refractory materials (with coarse grains), the capacity to resist to crack propagation is 

often preferred. 

The energetic approach of thermal shock was introduced by Hasselman [HAS-63b, HAS-

69]. In this approach, the material is assumed to present initial microcracks and the cracks stability 

is studied in relation with the induced thermal stresses. Since this approach is based on energy, 

cracks evolve towards a configuration minimising the total energy of the system. The main 

hypotheses of this approach are the following ones: 

 Solid body with uniform state of tri-axial stress σ (uniform cooling with fixed 

external surfaces) of magnitude: 

 






21

TE

 

(worst possible condition of thermal stress as the body as a whole is stressed to the 

maximum value of thermal stress). 

 The cracks are homogeneously distributed. 

 The cracks are all identical: penny-shaped cracks with a length l (initial value equal 

to l0). 

 The propagation of all the cracks is radial and simultaneous. 

 There is no interaction between stress fields of neighbouring cracks. 

 There is no stress relaxation (any dislocation motion, viscous flow...). 

It appeared that this approach is well suited when the resistance to thermal shock consists in 

resisting to crack propagation (dynamic or quasi-static). Two parameters were, thus, introduced, 

namely R’’’’ and Rst: 
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Eq. I-6 

where γs is the surface fracture energy of the material. 

The parameter R’’’’ (in m) was introduced by Hasselman as a “thermal shock damage 

resistance parameter” [HAS-63b] in order to be able to compare the degree of damage of materials 

with widely different values of effective surface energies such as brittle and ductile materials. Its 

maximization was expected to reduce dynamic (or unstable) propagation. 

The “thermal stress crack stability” parameter Rst, referring to the maximal temperature 

difference for crack initiation (in K.m1/2), was proposed later [HAS-69]. The maximisation of this 

parameter by selecting suitable material properties was expected to reduce the probability of 

fracture initiation. In case of mild heat transfer conditions, the thermal conductivity   is taken into 

account by the following parameter [HAS-69] (similarly to the R’ parameter of Kingery):
 
 

 E
RR s

stst 


2
'





 

Eq. I-7 

A first glance at Eq. I-5 and Eq. I-6 could make thinking that the dependency of R’’’’ and Rst 

on the elastic properties are opposite. But, in fact, the Young’s modulus and the strength are 

inseparable since they directly refer to the stored elastic strain energy (σ²/E). Indeed, in the 

expression of Rst, the term (α²·E) can be replaced, by approximation, with the term (σ²/E), which is 

mainly the stored elastic strain energy in an object at the stress level σ [POP-99]. Thus, the 

parameters R’’’’ and Rst present the same dependency on the elastic modulus and strength since they 

are inversely related to this stored elastic strain energy [BRA-04] which is the driving force for 

fracture or crack extension. 

According to this approach, the crack propagation kinetics, and the loss in strength, highly 

depends on the pre-cracking of the material. Indeed [LAR-74], in the case of high-strength technical 

ceramics and glasses (Figure I-4 A and B), the loss in strength is usually catastrophic and should be 

related to the R’’’’ parameter. In the case of refractories (Figure I-4 C and D), the loss in strength is 

often more quasi-static, depending on the temperature difference and so, should be related to the Rst 

(or R’
st) parameter. 
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(R’’’’)

(Rst)
(Rst)

 
Figure I-4: Crack propagation and strength behaviour for (A) and (B) unstable and (C) and (D) stable crack 

propagation under conditions of thermal shock [LAR-74] 

II.2. Non-linear mechanical behaviour and associated experimental techniques 

The non-linear character of the mechanical behaviour (deviation from the linear elastic 

mechanical behaviour) of refractories is rather well known and some concepts like the brittleness 

number [GOG-78, HAR-97], were introduced to quantify the gap to the linear elastic case from 

measured fracture energies. Indeed, non-linear mechanical behaviour, reduced brittleness and rather 

low tensile strength (5-40 MPa) are characteristic for refractories. Some experimental techniques 

were then developed to measure, in particular, fracture energy. 

To measure the fracture energy of brittle materials, different techniques were originally 

proposed. Some of them used the Griffith energy equation [GRI-20] for a two-dimensional crack 

[KER-62, IRW-58, SHA-61, WIE-64, BER-57]. Others developed cone fracture [ROE-56] or 

cleavage fracture [GIL-60] techniques. But, the main disadvantage of all these methods was their 

restriction to homogeneous materials. Nakayama and Ishizuka proposed the work-of-fracture 

technique [NAK-65, NAK-64, NAK-66], also developed by Tattersall and Tappin [TAT-66], to 

measure the fracture energy ( WOF ) consumed to propagate a crack through a sample. This method 

(shown in Figure I-5a) corresponds to a three-point bending test on a sample having a special 

artificial crack providing stable propagation. A hard-beam machine must be used to reduce to the 

elastic energy stored in the apparatus. The value of WOF  is calculated from the total energy (W ) to 

propagate the energy and the area A  as follows: 
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Eq. I-8 

Then, it was suggested to use this effective fracture energy to apply the Hasselman’s theory by 

considering macroscopic energy rather than microscopic one [NAK-65, LAR-74]: 
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Eq. I-9 

Another technique, namely the notched-beam test [BRO-66] (Figure I-5b), can provide the energy 

required to initiate propagation of a crack, NBT , from the measurement of the critical stress 

intensity factor IcK  as follows: 

 EK NBTIc  2
 

Eq. I-10 

 
-a- 

 
-b- 

Figure I-5: Typical specimen configurations for (a) work-of-fracture method and (b) notched-beam method (area 
of fracture crosshatched) [NAK-65] 

As a remark, the strength of a refractory is described better by NBT  than WOF  ( 0lENBTt   ) 

[LAR-74]. Therefore, it comes: 
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Eq. I-11 

That is why some authors suggest to estimate the thermal shock resistance of heterogeneous 

materials from this 
NBTWOF   ratio [AKS-03a]. As a remark, the energetic approach was initially 

developed for brittle materials, using the surface fracture energy in the Griffith’s sense. The 

material behaviour of many refractory materials being, in fact, non purely brittle, there is still open 
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discussions about the best physical parameters which should be taken into account into formulas 

describing the thermal shock resistance. 

In fact, some researchers began to realise, during the 70’s and 80’s, the necessity of 

conducting measurements on individual or single cracks to investigate the fracture of refractories. 

Sakai and Bradt reviewed [SAK-93] different fracture mechanics test specimens in relation with the 

work-of-fracture measurement. Then, it appeared that usual laboratory-scale specimens for work-of-

fracture tests could not allow to get a representative sampling of refractories due to their coarse 

aggregate microstructure. Indeed, with these too small samples, the different phenomena occurring 

around the crack (see next paragraph II.3), could not reach a steady-state configuration. In order to 

come up with this problem, the wedge splitting test [TSC-86, TSC-91] was promoted by researchers 

in Leoben, Austria, because it offered the possibility of having larger specimen and having a stable 

crack propagation [HAR-95, BUC-99]. This test, detailed in Chapter II, presents some similarities 

with the J-integral compliance method, first introduced by Rice [RIC-68], for metals, and, then, 

applied by Homeny et al. [HOM-80] to the fracture of refractories. Indeed, in a different way, they 

both allow to determine fracture energy which is crucial for a better understanding of the fracture 

process of refractories, and its relationship to microstructural design. 

II.3. Crack growth resistance in refractories and associated R-curve phenomenon 

According to the theory of linear elastic fracture mechanics, a crack propagates when the 

stress intensity factor K, at the crack tip, reaches the critical constant value Kc of the material. 

However, some materials, like refractories, exhibit an increasing crack propagation resistance (or 

toughness) when the crack length increases [HUE-77], also called R-curve or KR-curve behaviour. 

This behaviour is due to energy-absorbing phenomena occurring around the cracks and demanding 

more energy to make the crack front advance [BRA-81, MAR-87, RIT-88, STE-83]. Two main 

regions around the crack can be distinguished, namely the process zone in front of the advancing 

crack and the following wake region, behind (Figure I-6). In the frontal process zone, 

microcracking and multiple crack branching are usually observed. Otherwise, the phenomena 

occurring behind the crack front, in the following wake region, such as aggregate bridging (Figure 

I-6), are known to be the most crucial ones for the increasing crack resistance [STE-83] of 

refractories. The size of these regions is rather large for most of refractory materials, that is why 

laboratory-scale specimens have to be large enough. 
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Figure I-6: Schematic of the crack process zone for refractory materials [BRA-04] 

The R-curve measurement consists in determining the energy consumed to resist to crack 

propagation as a function of the crack extension a. By definition, crack propagation occurs when: 

 RG   Eq. I-12 

where G and R are the total energy released per unit surface of propagation (or strain energy release 

rate) and the resistance to crack propagation (or energy dissipation rate), respectively. 

An unstable crack propagation is guaranteed when an excess of driving force remains as the crack 

extends, which leads to the additional condition: 

 a

R

a

G








 
Eq. I-13 

Two different kinds of R-curves can be distinguished, namely flat R-curves (R is constant 

with crack length) corresponding to brittle linear elastic materials and rising R-curves often 

observed for large grained ceramics, like refractories [ADA-81]. For rising R-curves, different cases 

can be considered according to the stress level, namely no extent of the crack, extent with stable 

crack propagation, and extent with unstable crack propagation [WAC-09]. For example, if the stress 

level causes G>R, the value of R increases by increasing the crack size until that G=R and, then, 

stops if aRaG  . This stable propagation corresponds to the so-called quasi-static crack 

propagation proposed by Hasselman several decades before knowing the existence of R-curves. As 

a remark, the R-curve is not an intrinsic parameter of the material [STE-83, MAR-88, ROS-86] 

since it depends on the sample volume, the depth and location of the crack initially introduced, the 

testing conditions and the evaluation technique.  
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Sakai and Bradt described [SAK-86] different methods to determine the complete R-curve of a 

material. Most of these techniques involve loading/unloading cycles during the test in order to 

distinguish the elastic and irreversible contributions. But, by applying total unloading steps, the 

microstructure of the material can be strongly affected [SAK-86, CLA-76] by frictional effects in 

the process wake, especially for coarse-grained refractories due to the formation of grain bridges 

[HAR-96]. Therefore, another graphical method was introduced [SAK-86] in order to determine the 

R-curve from the stable load-displacement curve obtained by a wedge splitting test without 

unloading step. This method was used by Harmuth et al. [HAR-96, TAN-95]. 

II.4. Importance of the aggregates character and arrangement on thermal shock damage 

resistance 

One can easily understand that the ability of delaying the unstable crack propagation (when 

aRaG   the crack stops) in a refractory material will increase its thermal shock damage 

resistance. In fact, the non-linearity of the mechanical behaviour, the rise of the R-curve and the 

thermal shock damage resistance are very linked together [GOG-78, GOG-93, SWA-83, SWA-90, 

LUT-91a, LUT-91b, SAK-92, SCH-93a]. Therefore, it seems quite clear that the main route of 

improving the thermal shock damage resistance of refractories is to optimise the non-linearity of 

their mechanical behaviour, as well as the rise of their R-curve behaviour, through suitable 

microstructure designs [SCH-94, LUT-91a]. Indeed, the choice of the aggregates (geometry, size 

distribution, strength, thermal expansion coefficient, etc.), their spatial distribution and bonding to 

the matrix will be crucial to promote dissipation mechanisms, especially in the following wake 

region. 

Although fracture toughness and R-curve behaviour were rather widely investigated for 

technical ceramics, such as magnesia-partially-stabilized zirconia (Mg-PSZ) ceramics [SWA-83, 

MAR-88], alumina materials [STE-83], or Al2O3-ZrO2 composites [SWA-90, LUT-91c], not so 

many studies dealing with refractory materials [HAR-96, HAR-97, HEN-97, HEN-99] have, up to 

now, been carried out, despite the high toughness potential of such materials compared to common 

ceramics. Thus, microstructure design optimization in relation with thermal shock damage 

resistance is still a promising area of refractory research. Numerical studies, by finite element 

method for example, could bring, in the future, very interesting results in addition to experimental 

ones. 
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III. Numerical approaches  

Although the analytical approaches allow to get valuable information on the required 

material properties and to compare materials, the thermal shock resistance analyses are limited to 

simple cases and, most of the time, cannot predict well the resistance of a real part (complex 

geometry, heterogeneities, etc.). Therefore, numerous numerical methods have been developed over 

the last several decades without stopping proposing new areas of investigation, for both 

macromechanics and micromechanics problems. These methods aim at solving continuum 

mechanics problems involving constitutive equations and conservation law. Among them, the most 

famous are the finite difference method (FDM), the finite element method (FEM), the boundary 

element method (BEM) and the discrete element method (DEM). Nevertheless, the most used 

method remains the FEM since it is applicable for most of the continuum mechanics problems. This 

is the numerical method considered here.  

III.1. Macromechanics-based simulations of homogeneous parts of a structure 

At the macroscopic scale, industrial refractory structures, or some parts of them, are 

considered as homogeneous. Thus, thermal shocks (see paragraph I) can appear as a combination of 

an imposed temperature gradient in the material and external mechanical conditions preventing 

from free deformation in some regions, which can lead to an early failure. The use of the FEM has 

allowed to investigate, over the past twenty years, the evolution of the thermal stresses and cracks, 

occurring in these installations, in order to predict the refractory lining behaviour under thermo-

mechanical loading. The first numerical works were based on linear elastic mechanics [RUB-99, 

BRA-87, KNA-90, SCH-93b, KEI-89] and, then, quasi-brittleness of refractories was considered by 

using fictitious crack models [AND-02, AND-03, GIL-97]. Since coarse-grained refractories 

develop a diffuse damage before localization of a macrocrack [SIM-00, AKS-04a], continuum 

damage mechanics [CHA-88] was expected to be suitable to model the material behaviour [BOU-

01, BOU-04]. Many other authors worked on numerical modelling of the thermo-mechanical 

behaviour of refractories based on damage mechanics [PRO-01, GAS-01, NEN-02, LUC-03, GRU-

04, HEA-05, LIA-05, BLO-05, DAM-08]. 

III.2. Micromechanics-based simulations of heterogeneous materials 

Another aspect of thermal stresses, already presented in paragraph I, concerns the 

microstructure scale at which the temperature field can be considered as uniform and the stresses 
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are mainly caused by either thermal expansion mismatch between phases, or anisotropic thermal 

expansion. The numerical investigation in this area requires to use micromechanics-based 

simulations, which is preferred in the present thesis since it aims at studying the structure/property 

relationships in refractory materials. Reviews of interest can be found in [PIN-09, MIS-01].  

Micromechanics-based simulations of heterogeneous materials, like refractories, are 

presently developed to increase the understanding of the material behaviour. They could allow to 

identify and choose the appropriate constituents, with appropriate spatial arrangements and 

mechanical properties of each constituent, providing the desired effective (macro) thermo-

mechanical properties. Ideally [PIN-07], these simulations should allow complex microstructures 

and possible elastic/inelastic material properties for constituents. 

Many works were carried out and many micromechanical concepts were developed during 

the last years to build constitutive models allowing to determine the macroscopic properties from 

microscopic ones. Concerning the case of spatially uniform microstructure, two main approaches 

can be distinguished, namely the deterministic ones, and the probabilistic [OST-08] ones. The 

deterministic approaches can be separated into three categories [PIN-09], namely “microstructural 

detail-free approaches”, “approaches based on statistically homogeneous microstructures” and 

“approaches based on periodic microstructures” (see Chapter II). The two last ones allow to 

consider the actual microstructure details from unit cell models.  

Some examples of micromechanical studies dealing with refractory materials can be found 

in [SCH-02, GAS-05, SAN-07, JOL-08]. 

III.3. Brief review of damage models 

Two main categories of crack modelling exist in literature, namely discrete crack models 

and continuum damage models. 

Discrete crack models allow to represent explicitly a crack within the material and to 

simulate its growth thank to propagation criteria. Mainly used for crack modelling at the structure 

scale, they are also used with unit cell micromechanics approaches. Among this category of models, 

the node-release-technique (NRT) [BRU-85] allows to propagate a crack by mesh opening from 

fracture mechanics criteria (critical stress, critical crack opening displacement, critical crack length 

versus time, etc.). This method has been used in [JOL-08, QI-09] (“Debond” tool in Abaqus 

software package) to simulate the microcrack opening and closure of two-phase (glass/alumina) 
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refractory materials, with thermal expansion mismatch, and get their Young’s modulus evolution 

versus temperature. This method exhibits some disadvantages: it is only available in 2D, the crack 

path has to be known in advance, and a pre-crack has to be introduced. Similarly to the NRT, the 

cohesive zone models (CZM) [TVE-97] allow to simulate crack propagation along a known crack 

surface, but either in 2D or in 3D. The crack path is represented by a thin material layer having its 

own behaviour (traction-separation law). Indeed, the crack initiates when the cohesive traction 

stress exceeds a critical value. This method was used in [MAT-08] to model the interfacial 

debonding occurring during cooling of glass/alumina composites with thermal expansion mismatch. 

Otherwise, other discrete crack methods exist. A promising one is the extended Finite Element 

Method (XFEM) [MOE-99], or Generalised Finite Element Method (GFEM), which extends the 

classical FEM approach by “enriching the solution space for solutions to differential equations with 

discontinuous functions”. Therefore, cracks can propagate inside elements without having to 

prescribe crack path in advance, and use remeshing. 

Continuum damage models are of significant interest for the present work. They represent, 

with more or less sophisticated features, microcracking effect by decreasing the bulk stiffness of the 

element thank to a behaviour law. Many variants of such models, like smeared crack models [WEI-

95, WEI-98], have been developed over the past several decades, and are still being developed. 

Some of them are based on elastic-brittle damage (irreversible strains are negligible) and others on 

plastic-brittle (permanent unrecoverable strains after unloading, in addition to the modification of 

the elastic properties). Furthermore, some of the last versions of such models consider anisotropy of 

damage [GOD-05, SAN-07], which allows to simulate the decrease of stiffness only in the stressed 

direction (more realistic). Nevertheless, problems of mesh dependency are usually observed with all 

of these damage models because of damage localization in one element. Indeed, the dissipated 

energy tends towards zero when the element size is decreased infinitely, which is not physically 

acceptable. Regularisation methods are introduced to fix these localisation problems. 

III.4. Advantage of regularisation methods 

Several approaches of regularisation method have been developed. All of them aim at 

introducing an internal length characteristic of the microstructure scale. Indeed, they take the 

neighbourhood into account in order to prevent the numerical solution from spatial discretization 

(mesh) dependency. 

The most famous methods for continuum damage models are the following ones: 
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 Methods with fracture energy conservation [BAZ-76, BAZ-83, PIE-81] which allow 

to ensure that the energy dissipated during the fracture of the material remains the 

same whatever the fineness of the mesh. 

 Methods with regularised variables, dealing with nodal variables gradients, for which 

regularisation is introduced by spatial averaging, either from integral form [PIJ-87, 

BAZ-02] or from spatial gradient terms (see below for the strain gradient method). 

 Methods with gradients of internal variables (like damage variables) [LOR-05] 

As a remark, other alternative methods are also used to come up with this mesh dependency 

problem. They consist in adding a discontinuous kinematics in the finite element discretization. The 

cohesive zone models are the most used ones but the main disadvantage is that the crack path has to 

be known. Moreover, methods with possible discontinuities inside the elements (ex: XFEM) have 

been developed for several years but this approach does not aim at describing precisely the 

behaviour inside the localisation bands since the main goal is to represent their effects at the 

structure scale. 

In the present thesis, a method with regularised variables, namely a strain gradient method, 

has been used. The origin of this method comes from [AIF-84]. The method was, then, developed 

by Peerlings [PEE-96, PEE-01] who proposed to regularise a scalar variable which is the Von Mises 

strain obtained from the total strain field. Then, Godard [GOD-05] proposed to regularise each 

component of the total strain tensor in order to get a better flexibility with the damage models used 

(ex: anisotropic damage models). The Godard’s method, available in Code Aster, has been used in 

the present work. Otherwise, for this kind of approach, the localisation band representing the 

structure damage often enlarges too much. In fact, this could come from the constant value of the 

characteristic length [GEE-98]. In the strain gradient method used in [GOD-05], the possible 

relaxation of the regularisation operator is implemented. As a remark, more recently, non-local 

modelling has also been discussed in [DAM-08, DAM-11] in relation with thermal shock damage in 

refractory materials. 

IV. Conclusion 

This first chapter aimed to establish the state of the art concerning thermal shock of 

refractory materials and the different approaches which have been developed for several decades to 

estimate and improve the thermal shock resistance. 
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After a reminder about the different possible origins of thermal stresses (mechanical 

constraints, thermal expansion mismatch or anisotropy, and thermal gradient), the analytical 

approaches of Kingery and Hasselman were briefly presented. The energetic approach of 

Hasselman, with its thermal shock resistance parameters R’’’’ and Rst, is very interesting to deal with 

refractory materials. Experimental techniques were, then, developed in order to study the non-linear 

mechanical behaviour (deviation from linear elastic behaviour) of refractories, especially to 

measure fracture energies on notched samples, like the work-of-fracture test, the notched-beam test, 

the J-integral compliance method and the wedge splitting test. The fracture energies delivered by 

these methods (ex: γWOF) can be incorporated in the traditional formula of R’’’’ and Rst, instead of 

the surface fracture energy (γs). The origin of the crack growth resistance in refractories is usually 

attributed to energy-absorbing phenomena occurring around the crack, such as microcracking and 

multiple crack branching in the frontal process zone and aggregate bridging in the following wake 

region. This crack growth resistance is associated to a rising R-curve. During the last two decades, 

the close relationship between aggregates, non-linear mechanical behaviour, rising R-curve and 

thermal shock resistance was investigated but still has to be investigated further in order to be able 

to optimize the thermal shock resistance by controlling the microstructure design of refractories. 

Numerical simulations seem to be an interesting route to reach this goal. 

The numerical (FEM) approaches have the advantage to be able to deal with much more 

complex cases (complex geometry, heterogeneities...) than the analytical approaches can do, for the 

prediction of thermal shock resistance of a real part. According to the considered problem, either 

macromechanics or micromechanics-based simulations can be realised. In the present thesis, since 

the relationships between microstructure and macro-mechanical properties are investigated, 

micromechanics-based FEM simulations will be performed. More precisely, an approach based on 

periodic microstructures was chosen for the study and is detailed in Chapter II. Otherwise, in order 

to well depict the damage which can occur during a cooling step and during a subsequent 

mechanical test in tension, a brief review of damage models was proposed. Continuum damage 

models, with possible anisotropy, and combined with a regularisation method, seem to be 

interesting for the study. The damage model used here is detailed in Chapter V. 
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Chapter II. Materials and methods 

I. Introduction 

I.1. Brief history on industrial magnesia-spinel materials 

Nowadays, refractories containing spinel MgO-Al203 (MA) are called magnesia-spinel 

products (MSp). This kind of refractories was first patented in 1932 in Austria [AUS-32]. The 

manufacturing of this material was carried out by addition of alumina within the magnesia mixes 

followed by a firing stage. The formation of MA spinel was, then, obtained by reaction between 

alumina and periclase. Magnesia chromite refractories have been preferred for many years for their 

low cost and easiness in manufacturing. But, in the 80’s, the toxicity of the Cr(VI) produced from 

Cr2O3 under alkaline conditions [BRA-85] leaded to strict European Union regulations which 

forced industrial companies to prefer alternative refractory materials without Cr2O3. Magnesite and 

dolomite refractories were good ones for a significant number of reasons but the thermal shock 

resistance was not high enough. Then, it appeared that the thermal shock resistance of a magnesia 

brick is increased by the addition of 9-30% of magnesium aluminate spinel (MgAl2O4) [COO-82, 

DAL-88]. In fact, the first evaluation of magnesia-spinel materials was carried out 50 years ago 

[EUS-60] but the efforts to use them as alternative materials started in the 90’s approximately. An 

additional advantage of these refractories was their longer life (ex: 1.5-2 times for rotary cement 

kilns) compared to magnesia-chrome materials [TOK-91]. Then, industrial and academic studies 

were realised in order to understand better why the thermal shock resistance is increased and to find 

a way to improve it. This improved resistance was first attributed to increased toughness [SOA-91, 

TAB-92]. Then, it became clear [AKS-02, AKS-03b] that the thermal expansion mismatch between 

magnesia (13-15·10-6 K-1) and spinel (8-9·10-6 K-1), entailing microcracking [SOA-91] around the 

spinel inclusions, was one of the main causes of the thermal shock resistance. 

The studies carried out by Aksel et al. are very interesting but concerned fine-grained 

magnesia-spinel composites [AKS-02, AKS-03a, AKS-03b, AKS-04a, AKS-04b, AKS-04c]. In the 

present thesis, coarse-grained magnesia-spinel composites, close to industrial ones, are investigated. 

I.2. Industrial context of the studied materials 

Magnesia-spinel materials are mainly used in the cement industry. Different MSp products 

exist, depending on the stoichiometry of the spinel aggregates. Indeed, theoretically, the 
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stoichiometric MA Spinel contains 71.8 wt.% of alumina (Al2O3) and 28.2 wt.% of magnesia 

(MgO) with a melting temperature equal to 2135°C, as shown in Figure II-1. This is the only 

chemical compound in the MgO-Al203 binary system but in fact, due to the large domain of 

existence of MA spinel, three different types of spinel can be manufactured, namely almost 

stoichiometric, sub-stoichiometric (magnesia rich) and super-stoichiometric (alumina rich) ones. 

Sub-stoichiometric spinel is often used in MSp products for cement rotary kilns. In this thesis, 

magnesia-spinel materials with sub-stoichiometric spinel, close to industrial ones (Figure II-2), 

were elaborated. 

 
Figure II-1: Phase diagram of the MgO-Al2O3 system 

 
 -a- -b- -c- 

Figure II-2: Industrial magnesia-spinel refractories – Cement rotary kiln (a) – 
Installation of these materials (b) – Microstructure (c) 

I.3. Particular interest of studying model materials 

As a rule, the specific thermomechanical evolutions (non-linearity, hysteresis...) of most 

refractory materials are due to their highly heterogeneous microstructure (number of phases, size 

and shape of the aggregates) with prefabricated microcracks. This is the case for the industrial 

magnesia-spinel materials presented in Figure II-2. In order to understand better this behaviour, the 

chosen approach consists in studying materials with only two constituents (magnesia and spinel) 

with simplified granulometries. These two-phase materials are so-called “model” materials since 
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they allow to identity and quantify the direct impact of microstructural parameters on the 

thermomechanical properties through characterisation and predicting tools.  

These elaborated model magnesia-spinel materials are of main interest in this thesis since 

the thermal expansion mismatch between the two phases is responsible for the presence of 

microcracks within the magnesia matrix. Nevertheless, other kinds of model materials without any 

damage in their microstructure were also considered for a preliminary work (Chapter III). These 

glass/alumina and glass/pores composites were elaborated in a previous work [TES-03] at the 

GEMH laboratory. 

II. Model materials: presentation and processing route 

II.1. Non thermally-damaged materials: glass/alumina and glass/pores composites 

Glass/alumina (G/A) composites (Figure II-3) are composed of a dense aluminosilicate glass 

matrix with randomly distributed mono-sized alumina balls that are approximately spherical, with a 

mean diameter of 500 µm. They exhibit simple isotropic microstructures. The different stages of the 

processing are described in details in [TES-07]. The quite good agreement in terms of thermal 

expansion (Table II-1) for the two phases prevents from both microcracking and debonding which 

can occur during the cooling process.  

Glass/pores (G/P) composites (Figure II-4) contain isolated spherical pores that were 

elaborated by the means of pore forming agent. The procedure consisted in mixing a fine glass 

powder - the same as the one for the G/A composites - with organic additives [TES-07] and 

perfectly spherical PMMA balls supplied by Degussa®. The pyrolytic degradation of PMMA 

particles during the debinding step leaded to the formation of isolated spherical pores randomly 

distributed in the glass sample. The maximum value of porosity is 42%. Above this value, the 

microstructure of porous glass materials exhibited an interconnected pores structure.  
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Figure II-3: Microstructure of a glass/alumina 

composite with 28v.% of alumina balls  

 
Figure II-4: Microstructure of a glass/pore 

composite with a porosity of 18v.% 

Type of constituent Dense glass Alumina balls 
Young’s modulus E (GPa) 78 340 

Poisson’s ratio ν 0.21 0.24 
Thermal expansion coefficient (K-1) 6.5·10-6 7.6·10-6 

Table II-1: Thermoelastic properties at room temperature of the single constituents of 
G/A and G/P composites 

II.2. Thermally-damaged materials: magnesia-spinel composites 

II.2.1. Single constituents 

Concerning the raw materials used in this study, industrial magnesia (with low iron content) 

and sub-stoichiometric (excess of magnesia) spinel aggregates, from fines (<0.1 mm) up to 

aggregates of 1-3 mm (for spinel) or 3-5 mm (for magnesia), have been used for the elaboration of 

single constituents samples (and two-phase materials). The bulk density and porosity of these 

magnesia and spinel aggregates (1-3 mm), as well as the true density of the magnesia and spinel 

powders (grain size < 40µm), are presented in the columns 2, 3 and 4 of Table II-2. The different 

granulometry categories, used for the bricks elaboration, are given in the first column of Table II-3.  

Nature 

Powder 
(<40µm) 

Aggregates (1-3mm) 
Porous disc 

samples 
Bricks * 

True 
density 
(g.cm-3) 

Bulk 
density 
(g.cm-3) 

Closed 
porosity 

(%) 

Studied 
porosity range 

(%) 

Bulk 
density 
(g.cm-3) 

Total 
porosity 

(%) 

Thermal expansion 
coefficient 

(200-400°C)  
(K-1) 

Magnesia 3.61 3.51 2.9% 17-32% 2.98 17.5% 13.3·10-6 
Spinel 3.66 3.41 6.8% 8-19% 2.99 18.21% 8.9·10-6 

* The magnesia brick is the reference brick for the composite materials 

Table II-2: Properties of the magnesia and spinel used as matrix and inclusions, 
respectively, in magnesia-spinel composites 

Concerning the processing routes, two different types of magnesia or spinel samples were 

elaborated, namely disc samples of small size with variable porosity and bricks of large size 

allowing to extract samples for mechanical characterisation. 
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 The disc samples with diameter of 50 mm were fabricated by uniaxial pressing of fine 

powders of either magnesia or spinel. Porosity was here mainly introduced by changing the 

applied pressure, from 60 MPa to 7 MPa, but also by lowering the firing temperature 

(1300°C instead of 1600°C). The obtained porosity was ranged between 17 and 32 v.%, for 

magnesia samples, and between 8 and 19 v.% for spinel samples (see Table II-2). Since the 

idea was here to cover the potential porosity of the magnesia matrix within the composite 

materials, no pore forming agent has been used additionally. These samples were elaborated 

to get accurate relations between Young’s modulus and porosity. Moreover, the knowledge 

of the Young’s modulus evolution versus porosity of magnesia also allows to estimate the 

actual Young’s modulus of the magnesia matrix of each composite. These homogeneous 

polycrystalline materials are not thermally damaged since there is no anisotropic thermal 

expansion within the grains (cubic structures). 

 The bricks were obtained, with semi-industrial means, according to the pressure cycle 

shown in Figure II-5a and the thermal cycle shown in Figure II-5b. The average dimensions 

are approximately 230mm·114mm·75mm. Information concerning these bricks, such as 

density, porosity and thermal expansion coefficient, are given in Table II-2. These bricks 

were elaborated in order to be able to carry out macro-scale experiments, like ultrasonic 

techniques and mechanical tests. Moreover, the magnesia brick was, then, considered as a 

reference for the magnesia-spinel composites since their constitution were based on the 

same granulometry of magnesia grains. 

Pressure (MPa)

Time (h)

140

Dwell: 2s

0

119

71

38

103

 
-a- 

Temperature ( C)

Time (h)

1600
Dwell: 8h

0

Tamb

 
-b- 

Figure II-5: Pressure cycles of the green bricks (a) and thermal cycle to fire these bricks (b) 

II.2.2. Magnesia-spinel composites with different spinel inclusions contents 

The magnesia-spinel composites, composed of a magnesia matrix and spinel inclusions, 

were elaborated according to the same pressure and heating cycles (Figure II-5) used for the 
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magnesia and spinel bricks. As for the glass/alumina composites, the aim here was to produce 

composites consisting of a monophase matrix (magnesia) with introduced inclusions (spinel), which 

is easier to model numerically. For this reason, contrary to the usual definition of the term “matrix” 

which designates fines, in the present thesis, the name “magnesia matrix” will represent the whole 

composite excepting the spinel inclusions (with coarse magnesia grains). The spinel content ranged 

between 5wt.% and 34wt.% for the main spinel grain size of 1-3 mm (Table II-3). A 

complementary composition of 15wt.%, with the 0-1 mm grain size, was also elaborated (Table 

II-3). The granulometric composition of these two-phase materials were deduced from the 

composition of the magnesia reference brick. Indeed, the spinel aggregates content replaced the 

same content of magnesia aggregates having the same size (1-3 mm or 0-1 mm). 

Granulometry 
Magnesia 
reference 

brick 

Magnesia-spinel composites 

Spinel 1-3 mm 
Spinel 
0-1mm

Spinel 1-3mm - 5% 10% 15% 20% 25% 30% 34% - 
Spinel 0-1mm - - - - - - - - 15%
MgO 3-5mm 13.5% 13.5% 13.5% 13.5% 13.5% 13.5% 13.5% 13.5% 13.5% 
MgO 1-3mm 34.0% 29.0% 24.0% 19.0% 14.0% 9.0% 4.0% 0.0% 34.0% 
MgO 0-1mm 24.0% 24.0% 24.0% 24.0% 24.0% 24.0% 24.0% 24.0% 9.0% 

MgO fines 
(<0.1mm) 

28.5% 28.5% 28.5% 28.5% 28.5% 28.5% 28.5% 28.5% 28.5% 

Table II-3: Granulometric compositions (wt.%) of the magnesia reference brick and 
of the magnesia-spinel composites 

The properties of these magnesia-spinel materials are given in Table II-4, with those of the 

pure magnesia brick for reference. It appears that with increasing spinel content, the bulk density of 

the composites decreases and the open porosity increases. From the bulk densities of these 

composites and the bulk density of the spinel inclusions, assumed to be constant (3.41 g.cm-3), the 

bulk densities of the matrices, as well as their total porosities, have been calculated and reported in 

Table II-4. Thus, the increase of spinel content induces an increase of the total porosity of the 

magnesia matrix. This can be due to the fact that densification, during sintering, is less well 

achieved when adding more and more inclusions in a homogeneous material. The presence of 

microcracks in such composites might also have an influence on these higher values of porosity.  
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Magnesia 
reference 

brick 

Magnesia-spinel composites 

Spinel 1-3 mm 
Spinel 
0-1mm 

Spinel 
content 

wt.% 0% 5% 10% 15% 20% 25% 30% 34% 15% 
v.% 0% 4.3% 8.7% 13.0% 17.2% 21.5% 25.7% 29.2% 13.0% 

Two-phase 
composite 

Bulk density 
(g.cm-3) 

2.98 ◊ 2.96 2.96 2.95 2.94 2.93 2.93 2.92 2.94 

Open 
porosity (%)

17.5% ◊ 15.0% 15.1% 15.3% 15.4% 15.5% 15.6% 15.6% 15.8% 

Magnesia 
matrix 

Bulk density 
(g.cm-3) 

2.98 ◊ 2.94 * 2.91 * 2.88 * 2.84 * 2.80 * 2.76 * 2.72 * 2.87 * 

Total 
porosity (%)

17.5% ◊ 18.6% * 19.3% * 20.3% * 21.3% * 22.4% * 23.6% * 24.5% * 20.5% *

◊ These values of density/porosity correspond to those of the magnesia reference brick (without any 
spinel inclusion). Thus, values for the 0% inclusion – composite also correspond to those of the matrix. 

* The properties of the matrices are here deduced from the properties of the composites taking into 
account spinel content and properties of spinel aggregates 

Table II-4: Properties of the studied magnesia/spinel composites and the magnesia reference brick 

An example for the microstructure of these magnesia-spinel materials is shown in Figure 

II-6. As expected, the thermal expansion mismatch (Table II-2) existing between the magnesia 

matrix (13.3·10-6 K-1) and the spinel inclusions (8.9·10-6 K-1) is responsible for the presence of 

radial microcracks around the spinel inclusions which appeared during the cooling stage of the 

process. For this reason, these composites are so-called thermally-damaged materials. 

500µm

Spinel
inclusion

Microcracks
due to damage

Magnesia 
matrix

 
Figure II-6: Microstructure of a model magnesia-spinel composite 

III. Experimental techniques 

III.1. Nano-indentation test 

The nano-indentation method allows to determine the local Young’s modulus and hardness 

of the investigated grain. This technique consists in applying successive loading/unloading cycles 

on an indenter put in contact with the grain surface and to register the evolution of the applied load 

P versus depth d, as shown in Figure II-7a and Figure II-7b. Depth varies with the applied load 

(from 0.01 to 10N) but remains rather small (from the nanometer to several tens of micrometers). 
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The experimental device (Nanoindentation TM II) is composed of a diamond indenter in pyramid 

form with triangular base (Berkovich type [OLI-92]). The sample is first polished (~1µm) and, then, 

put on a support monitored in displacement (0.1µm). The conditions concerning the 

loading/unloading cycle are defined according to the nature of the investigated material [LAG-92, 

PAL-93].  
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Figure II-7: Scheme of the indenter penetrating the grain to characterise during a nano-indentation test (a) and 
typical obtained evolution of the applied load versus deepness (b) 

The estimation of the Young’s modulus is realised by determining the system rigidity S 

formed by the indenter/material couple and corresponding to the slope of the curve (dP/dh) during 

unloading (Figure II-7b). From this system rigidity S, the projected contact surface A, and a form 

factor ß depending on the tip used, a reduced Young’s modulus (Er), corresponding to the 

indenter/sample contact, can be calculated as follows: 

 rEA
dh

dP
S 


 2

 
Eq. II-1 

Finally, the local Young’s modulus of the grain, Eexp, is calculated by the following formula:  
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Eq. II-2 

where νi and Ei are the indenter Poisson’s ratio and Young’s modulus, and ν is the sample 

Poisson’s ratio (assumed value). 
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III.2. Ultrasonic measurement in immersion mode 

The ultrasonic measurement in immersion mode is another micro-scale technique for the 

determination of the elastic properties. The principle of this technique, shown in Figure II-8, is quite 

similar to usual contact ultrasonic measurements except that there is no contact (sample in water). 

Only longitudinal waves are used and higher frequencies are considered, typically 80MHz instead 

of 1-10MHz. 

The sample with parallel surfaces, here a polished aggregate, is put on a support inside a 

tank full of water. A longitudinal wave is sent by an emitter-receiver transducer in the water and 

propagates into the aggregate. From the round trip time τL observed on a scope (Figure II-8), the 

Young's modulus Eexp is calculated according to the following formula: 
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Eq. II-3 

where ρ, t and ν are the density, the thickness and the Poisson’s ratio of the aggregate, respectively. 

t

Emitter-receiver transducer

water

Aggregate with 
parallel surfaces

τL

 

Figure II-8: Scheme of the ultrasonic measurement in immersion mode 

III.3. Ultrasonic long bar mode method at high temperature 

The ultrasonic long bar mode method at high temperature (Figure II-9a) allows to 

investigate the evolution of the Young’s modulus in dependence of temperature for the studied 

material (Figure II-9b). The principle of this low frequency method in “long bar” mode is described 

elsewhere [GAU-85, HUG-92, CUT-93, CUT-94]. An ultrasonic wave is emitted by a 

magnetostrictive transducer linked to an alumina wave guide. This tension-compression ultrasonic 

wave is transmitted to the sample located in a furnace through the wave guide. From the round trip 

time τ, the length L and the bulk density ρ of the sample, the Young’s modulus E can be calculated 

according to the following formula: 
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Eq. II-4 

where VL is the velocity of the longitudinal wave. 
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Figure II-9: Scheme of the ultrasonic long bar mode technique at high temperature [HUG-02] (a) and typical 
obtained evolutions of Young’s modulus in dependence of temperature (b) 

This method is often qualified as dynamic because of the low strain velocity imposed to the 

material. Moreover, it induces in the sample a low strain amplitude, around 3·10-6% [BAH-09], 

compared to mechanical tests (tension, compression, flexural tests). 

In order to achieve satisfactory propagation conditions in this particular ultrasonic mode 

(lateral sample dimensions < wavelength, [PAP-74]), the central frequency of the pulse and the 

specimens dimensions (parallelepipeds) are optimized according to the characteristics of the 

materials. Ultrasonic measurements of Young's modulus have been performed during thermal 

cycles made at a rate of 5°C/min for heating and cooling stages and a 1 h isothermal dwell at 

1350°C. 

III.4. High temperature acoustic emission 

High temperature acoustic emission [CHO-08, BRI-08, PAT-09, PAT-10] is based on the 

record of acoustic waves induced by energy release phenomena occurring within the material (i.e: 

damage) during external solicitations (here thermal cycle). Formally speaking, it refers to the 

generation of transient elastic waves produced by a sudden redistribution of stress in the material. 

When a structure or a material is subjected to a stimulus (here change in temperature), localized 

sources trigger the release of energy, in the form of stress waves, which propagate to the surface 

and are recorded by sensors. Figure II-10 illustrates the experimental configuration. 
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Figure II-10: Scheme of the high temperature acoustic emission device (a) and typical obtained cumulative hits 
in dependence of temperature (b) 

Acoustic Emission experiments have been performed in this study in order to obtain 

complementary information about the evolution of the microstructure in dependence of temperature, 

and especially on the chronology of in-situ phenomena (damage mechanism occurrence), by 

analysing the evolution of the cumulated number of hits (recorded signals) in dependence of 

temperature. The same heating – cooling cycles as those applied for ultrasonic measurements were 

used. 

III.5. Tensile and wedge splitting tests for the characterisation of mechanical behaviour 

Tensile tests are carried out with an INSTRON 8862 electromechanical device (Figure 

II-11a). This machine was adapted for high temperature measurements by M. Ghassemi Kakroudi 

[KAK-07, KAK-08, KAK-09]. The tests performed here, at room temperature, consist in applying a 

succession of loading/unloading cycles with a displacement increment at each cycle and with a 

constant displacement velocity (in this study around 1µm.s-1). 

Strain variations are measured by two capacitive extensometers equipped with silicon 

carbide rods and placed on two opposite sides on the sample. The gauge length of each 

extensometer is 25 mm. Otherwise, since the strain values of refractories are, as a rule, very low at 

rupture, the temperature of the extensometers is stabilised in order to avoid many deviations of 

measurement coming from temperature variation. Refractory samples are constituted of a 

cylindrical rod (20 mm in diameter) with two metallic parts glued at each end. The final geometry is 

obtained by machining simultaneously the middle zone of the sample (diameter: 16 mm) and the 

metallic parts in order to get a perfect co-axiality.  
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The stress-strain curve (Figure II-11b) obtained by a tensile test provides important 

information on the mechanical behaviour of the considered material, such as the initial slope, the 

non-linearity up to the maximum stress value, the post-peak behaviour and the fracture energy by 

integration of the whole curve. The different loading/unloading cycles allow to estimate the 

evolution of the Young’s modulus during the test, and the evolution of the remaining strain value. 
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Figure II-11: Tensile test device (a) and typical obtained stress-strain curve for a thermally damaged material (b) 

As other test methods like the notched beam test [SAK-93, CHI-85] and the compact tension 

method [SAK-93] , the wedge splitting test according to Tschegg [TSC-86, TSC-91] allows to 

specify the mechanical fracturing properties of refractory materials under uniaxial load (mode I 

loading). This test, patented in 1986, can also be applied on refractory materials to determine 

fracture mechanical properties (e.g. the specific fracture energy or the notch-tensile strength) at high 

temperature [TSC-94, HAR-97]. Biaxial tests are also possible [TSC-09]. 

The action of the wedge and the rather high rigidity of the equipment ensure a low energy 

accumulation in the specimen and the testing machine. Stable crack propagation can be achieved by 

displacement-controlled loading with a simple mechanical or hydraulic testing device. The test 

configuration is represented in Figure II-12a. The specific sample geometry is manufactured by 

machining. The vertical action of a metallic wedge, placed on the upper part of the sample and in 

contact with movable rolls, entails horizontal forces thank to load transmission pieces. Then, crack 

opening in mode I, with stable crack propagation, is obtained. Finally, the evolution of the 

horizontal force FH versus the horizontal displacement δ is registered as shown in Figure II-12b. 
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Figure II-12: Wedge splitting test device (a) and typical obtained force-displacement curve (b) 

IV. Hashin and Shtrikman model as a reference for undamaged materials 

For over a century, some models have been proposed in literature to estimate easily the 

thermoelastic properties of a two-phase composite from those of the two constituents. An 

interesting category of models is the category of bounds models providing the extrema behaviour of 

the composite. The simplest ones consider parallel and serial associations of the two phases. In 

elasticity, these bounds are the Voigt [VOI-1887] and Reuss [REU-29] bounds, corresponding to 

rules of mixtures for stiffness and compliance components, respectively. 

The model proposed by Hashin and Shtrikman [HAS-62a, HAS-63a] is dedicated to 

isotropic materials composed of a matrix (m) and inclusions (i) with perfect matrix/inclusion 

interfaces. In the composite spheres assemblage (C.S.A.) constructed by Hashin [HAS-62b], each 

composite sphere consists of a spherical particle that is surrounded by a concentric matrix shell. The 

volume fractions of particle and matrix material are the same in each sphere, but the spheres 

themselves can be of any size. An arbitrary volume is then filled out with composite spheres of 

diminishing size, and the CSA is approached as a limit of complete filling. In the case where the 

bulk modulus of the matrix, Km, is lower than the one of the inclusion, Ki, and the shear modulus of 

the matrix, μm, is lower than the one of the inclusion, μi, (glass/alumina and magnesia/spinel 

composites), the lower and upper KHS and μHS bounds are expressed by: 
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Eq. II-5 
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Eq. II-6 

 

where vi and vm are the volume fractions of inclusions and matrix, respectively. 

In the case where Km > Ki and μm > μi (glass/pores composites), the lower and upper HS 

bounds are inversed. The theoretical undamaged elastic properties of the glass/alumina and 

magnesia/spinel composites, namely the Young's modulus E and the Poisson's ratio ν, can be 

estimated from the lower HS bounds KHS- and μHS- as the stiffness of the inclusion is sensitively 

higher than the stiffness of the matrix and those of the glass materials with pores can be estimated 

from the higher HS bounds KHS+ and μHS+ (the lower bounds are equal to 0) [JOL-07]. For 

thermally-damaged materials, like magnesia-spinel materials, the experimental Young’s modulus is 

expected to be lower than the theoretical value provided by this model. Therefore, a thermal 

damage parameter Dth can be obtained by calculating the gap (%) to this model. 

Concerning the coefficient of thermal expansion α, the lower and upper bounds are the 

following ones [ROS-70]: 
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Eq. II-8 

V. Numerical techniques 

The Code Aster software package [AST] has been used in the present thesis. Code Aster is 

an Open Source software package for Civil and Structural Engineering finite element analysis and 

numerical simulation in structural mechanics originally developed as an in-house application by the 

company EDF. It was released as free software under the terms of the GNU General Public License, 

in October 2001. The main interests of using Code Aster is the huge number of available libraries, 

the significant documentation with examples, the constant development and update of new 
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functionalities, and the compatibility with python language programs. Indeed, python scripts have 

been used to automate writing of mesh and command files. 

V.1. Advantage of numerical homogenisation techniques 

V.1.1. Overview of the existing techniques 

Industrial structures, or some parts constituting them, are usually considered as 

homogeneous at the macroscopic scale even if they are, in reality, heterogeneous at the microscopic 

scale (Figure II-13). In order to understand the microstructure key points allowing to develop non-

linear mechanical behaviour, the best way would be to make direct FEM simulations by meshing 

the whole structure at the scale of each grain. This is not really possible because the calculations 

would be too much time consuming. Indeed, although numerical models based on finite element 

method (FEM) or fast Fourier transformation method (FFT) are suitable means for investigating 

microstructure-property relationships, they need high calculation resources and high computational 

cost, in particular for non linear analyses [MAD-07, BIL-05]. A common solution is to consider 

only a Representative Volume Element (R.V.E.) of the structure and to estimate its thermo-elastic 

properties by using homogenisation techniques. These methods allow to determine the global elastic 

behaviour of the Real Heterogeneous Material (R.H.M.) which would exhibit an Equivalent 

Homogeneous Material (E.H.M.) as shown in Figure II-13. As already mentioned, the R.V.E. 

corresponds to a volume of the heterogeneous material which is large enough to get stable 

properties when increasing its size. Moreover, this R.V.E. size depends on the homogenisation 

technique used. 

Different homogenisation methods exist. The two main methods are the following ones 

[BOR-01]: 

 application of uniform stress (force imposed) on the boundaries of the R.V.E.  

 application of uniform strain (displacement imposed) on the boundaries of the R.V.E.  

As a rule, these two techniques do not deliver the same results but tend towards the same 

value when the R.V.E. size increases. Another homogenisation technique is periodic 

homogenisation which involves such conditions on the boundaries with additional periodic 

conditions [HUE-90, BOR-01, MIC-99, DRAG-07]. 
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Figure II-13: Interest of using homogenisation techniques 

V.1.2. Periodic homogenisation method 

V.1.2.1. Periodic boundary conditions versus homogeneous displacement and 

homogeneous force boundary conditions 

Numerical homogenisation of periodic heterogeneous media are widely used to derive the 

macroscopic behaviour of composites [NEM-93, MOU-98, YAN-04, BIL-05, ALZ-07]. When 

using FEM, the numerical analysis can be limited to a unit cell matching with the periodic 

representative pattern. The microstructure can then be obtained by translation in the three particular 

directions of periodic medium. The pattern can be a basic one or a more complex one. This method 

can also be used in the case of complex random microstructures [SUQ-83, SUQ-87, MOU-98]. In 

that case, the unit cell corresponds to the RVE. As a remark, some authors [PIN-09] prefer to 

distinguish the Repeating Unit Cell (RUC) concept, suited to periodic materials, from the RVE 

concept, suited to statistical homogeneous materials. Finally it must be emphasized that this 

approach is particularly advantageous to derive macroscopic behaviour when the local behaviour is 

non-linear.  

In the present study, a numerical periodic homogenisation method [BOR-01, MIC-99] is 

used to estimate the thermo-elastic properties. This technique allows to define exact boundary 

conditions on the unit cell and then it allows a faster convergence to the homogenized properties 

than other numerical methods (Figure II-14) [BOR-01, KAN-03, DRAG-07]. Indeed, with 

traditional homogeneous displacement or force boundary conditions, the boundary deformations 

become independent of the applied boundary conditions type only when there is a sufficient number 

of inclusions in the volume whereas, with periodic boundary conditions, a single unit cell and a 

much bigger volume composed of this cell deform in the same way. For example, Figure II-15a and 
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Figure II-15b show simple simulated results of a tri-axial compression test on an asymmetric cell 

(inclusion not centred) without (homogeneous force instead) and with periodicity, respectively. An 

asymmetric cell is considered in order to be sure that periodicity is not caused by the symmetry of 

the cell. It appears that, without periodicity (Figure II-15a), the volume contour is much more 

deformed near the sides which the inclusion is closer to. Therefore, it seems obvious that the global 

deformation of such cell will be significantly different from a volume composed of an infinite 

number of this unit cell. Thus, the smallest representative volume element allowing to prevent from 

this deformation boundary effect will be necessarily rather high. In contrast, with periodicity 

(Figure II-15b), the deformation shape of the considered volume does not depend on the number of 

unit cells due to their perfect periodicity. Two other examples of simulation with periodicity are 

presented in Figure II-15c (shear test) and Figure II-15d (tensile test). 

 
-a- -b- 

Figure II-14 [BOR-01]: Calculations with homogeneous displacement DH, homogeneous force CH 
and periodic # boundary conditions for a long fiber composite with square arrangement – (a) 

Element volumes considered for the study of the influence of boundary conditions ( mV  contains 

mm  fibers) – (b) Evolutions of the shear t~  and bulk K
~

 moduli versus 1/m ratio 
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Figure II-15: Examples of simulated results (with Abaqus) obtained on an asymmetric volume cell (inclusion not 
centred) – Tri-axial compression test without periodicity, e.g. homogeneous force boundary conditions (a) and 

with periodicity (b) – Shear (c) and tensile (d) tests with periodicity 

In fact, without periodic boundary condition, the deformation boundary effect on the contour 

of the volume is reverberated on the stress and strain fields. Figure II-16 allows to compare the 

maximum principal strain fields, without (homogeneous force) and with periodicity, after 

simulation of a bi-axial compression test on a 16 inclusion-cell. Visually, without periodic 

conditions (Figure II-16a), a boundary effect is observed near the boundaries. Therefore, it seems 

obvious that the number of repeated cells will have to be high enough in order to get stable elastic 

properties. This is not the case with periodicity (Figure II-16b) since the boundaries have not any 

influence on the internal strain field. Other examples of stress field periodicity, after simulation of a 

shear test (a) and a tensile test (b) with periodicity, are shown in Figure II-17 with an asymmetric 

cell. 

 
-a- 

 
-b- 

Figure II-16: Visualisation of the maximum principal strain (Abaqus) obtained by 
simulation of a bi-axial compression test on a 16 inclusion-cell without (homogeneous force) 

(a) and with (b) periodic boundary conditions 
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Figure II-17: Examples of stress periodicity with an asymmetric cell (three inclusions and one hole) during a 
shear test (a) (σ12 stresses) and a tensile test (b) (σ22 stresses) 

V.1.3. Numerical implementation 

After having shown the relevance of using the periodic homogenisation method, the way of 

implementing such boundary conditions is detailed in this paragraph. 

Here, to perform the computations of the effective elastic properties, a macroscopic uniform 

strain   is imposed, which is done by imposing an affine displacement on the boundary of a 

periodic volume (with additional periodic conditions). Indeed, by applying this kinematic load, the 

  strain tensor resulting in the homogenised medium is uniform (see Figure II-18). The stress field 

is also uniform in the equivalent homogenised medium with the effective stiffness tensor and is 

equal to  . At microscopic scale (Figure II-18), the presence of heterogeneities makes the local 

strain and stress fields fluctuate around the average values   and  . Far away from the boundary 

surface, the displacement field  xu  can be decomposed as follows [BOR-01]: 

 )(:)( xuxxu    Eq. II-9 

where )(' xu  is a periodic displacement field linked to the presence of heterogeneities. x , )(xu and 

)(' xu  are vectors and   is a matrix (3 x 3 in 3D). The sign “:” designs a matrix product. 

By derivation of Eq. II-9 in the direction of x, one deduces the local strain field: 

 ))(())(( xuxu    Eq. II-10 

where ))(( xu  is the local strain and ))(( xu   the periodic fluctuating strain with: 
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Eq. II-11 

In the previous expression,   is the domain of the unit cell and   its volume. 

From Eq. II-9, the periodic fluctuation of the displacement reads: 

 xxuxu :)()(   Eq. II-12 

or, in a Cartesian coordinate system: 

 
jijii xuu  
 

Eq. II-13 

where jx , iu  and iu  are the components of the vectors x , )(xu  and )(xu , respectively, and ij  

are the components of the matrix  . 

In practice, the implementation of this condition in a finite element code requires to mesh and 

analyse a unit cell V  in which in one hand periodic conditions on iu  are applied on the boundary of 

the cell (or V ), oriented by the normal n , and, in the other hand, the force vector   nnxT  ,  is 

anti-periodic on V . Thus, in the finite elements discretisation of the unit cell, the displacements 

 Aui  and  Bui  of two opposite points A  and B , belonging to V  and corresponding to each 

other by the translation of one period, are constant, so that: 

 
   BuAu ii   Eq. II-14 

Combining Eq. II-13 with Eq. II-14 allows to write the following condition on V , for each couple 

of opposite points: 

        A
j

B
jijii xxAuBu 

 
Eq. II-15 

  

It can be noticed that the mesh is of importance in order to apply these conditions: one possible 

solution is to make sure that the meshes of two opposite faces are identical (by projection for 

example), as shown in Figure II-19. 
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Figure II-18: Periodicity of the displacement field – decomposition into a mean part 
and a periodic fluctuating part 

 
Figure II-19: Application of periodic conditions around the unit cell – relations between each couple of opposite 

nodes (same nodes distributions on the opposite faces) 

After having presented how to implement periodic conditions around the cell, the means of 

determining the effective thermo-elastic properties of the homogenised material is of interest. In the 

present study (Chapters III and V), the macroscopic load which is imposed is always a macroscopic 

strain  . Then, the elastic properties can be determined by different techniques, namely either from 

the calculation of the effective elastic strain energy density w~  or the calculation of the macroscopic 

stress tensor   by volume average of the local stress. In Chapter III, for the determination of the 

effective stiffness tensor C
~

, the energy method is preferred whereas, for the determination of the 

effective thermal expansion coefficient tensor, the stress method is used. In Chapter V, since the 

main objective is to get the macroscopic stress-strain behaviour in tension, the calculation of the 

macroscopic stress is used. 
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VI. Conclusion 

This chapter has allowed to present the materials considered in the study, the experimental 

characterisation techniques and some numerical tools needed to simulate the thermomechanical 

behaviour of such materials. 

In order to study the impact of microstructure effects (microcracks, debonds,...) on the non-

linearity of the mechanical behaviour of refractory materials, magnesia-spinel materials were 

elaborated by simplification of industrial compositions. Indeed, these industrial materials, used for 

their high thermal shock resistance, present microcracks in their microstructure, due to CTE 

mismatch between the two main phases, and exhibit non-linear mechanical behaviour.  

Local and macroscopic elastic properties of each constituent and the two-phase composites 

will be determined by different techniques either at room temperature (e.g. nano-indentation) or at 

high temperature (e.g. ultrasonic long bar mode method). Other high temperature techniques like 

acoustic emission and thermal expansion measurements will provide complementary information 

concerning the study of thermal damage occurrence during the cooling stage. Otherwise, the 

mechanical behaviour in tension will be investigated at room temperature by two different static 

techniques, namely a tensile test and a wedge splitting test. 

The main objective of the present thesis was to implement in numerical models the 

microcracks occurrence during the cooling process and, then, to quantify the impact of this thermal 

damage on the non-linearity of the stress-strain law in tension. The interest of using a 

homogenisation technique combined with a rather small Representative Volume Element (R.V.E.) 

has been detailed. In the present work, a finite element periodic homogenisation method has been 

chosen and implemented for the next simulations. Before considering possible damage within the 

microstructure, a preliminary numerical work (Chapter III) has been dedicated to materials without 

any thermal damage. 
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Chapter III. Optimization of 3D RVE for anisotropy index 

reduction in modelling thermoelastic properties of two-phase 

composites using a periodic homogenisation method 

I. Introduction 

The magnesia-spinel materials are supposed to be isotropic. Therefore, the present chapter is 

dedicated to present the approach which has been used to find suitable quasi-isotropic 

Representative Volume Elements (R.V.E.) able to depict well the thermoelastic behaviour of two-

phase materials. In this aim, the combination of the periodic homogenisation method with modelled 

cells as simple as possible has been considered. Moreover, since thermal damage is expected to 

occur during cooling in magnesia-spinel composites, other two-phase materials exhibiting no 

damage and linear elastic behaviour were preferred first: glass/alumina (G/A) and glass/pores (G/P) 

composites. Thus, this first step allowed to check the pertinence of the choice in terms of R.V.E. 

geometry, number of inclusions, spatial organisation of these inclusions, boundary conditions for 

application of periodic homogenisation method and loading conditions on the boundaries to obtain 

the desired homogenised properties. Later, in a second step (Chapter V), possible damage 

progression, which makes simulations much more complex, has been introduced in the magnesia 

matrix of these optimised RVE in order to handle the real case of magnesia-spinel materials 

including the occurrence of microcracks. 

For the first step considered here, the investigated temperatures for this numerical study has 

been limited to the 20-500°C range. Indeed, for this temperature range, the isotropic properties of 

the single constituents, shown in Table III-1, can be assumed rather constant versus temperature. 

 Dense glass Alumina balls 
Young’s modulus E (GPa) 78 340 

Poisson’ratio ν 0.21 0.24 
Bulk modulus K (GPa) 44 218 
Shear modulus µ (GPa) 32 137 

Thermal expansion coefficient α (K-1) 6.5·10-6 7.6·10-6 

Table III-1: Properties of the two single constituents used for calculations 
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II. Estimation of the effective stiffness and thermal expansion coefficient tensors 

II.1. Effective stiffness tensor 

The effective stiffness tensor C
~

 of the equivalent homogeneous material is calculated by 

using an energy analysis. In practice, the components of the tensor are calculated by applying 

different macroscopic strain cases   on the unit cell combined with the homogenisation conditions. 

The Hill's macro-homogeneity condition ensures that the macroscopic work density is equal to the 

spatial average of the microscopic work density [HIL-67]: 

           ::
1

: 


  dVxxxx
 

Eq. III-1 

where   and   are the local and macro stress tensors, respectively and   and   are the local and 

macro strain tensors.  x   is the average stress tensor. 

For linear elasticity, the local strain energy density w  has a quadratic form of the strain 

tensor   and reads: 

        xuxCxuw  ::
2

1


 
Eq. III-2 

where C  is the local stiffness tensor, so that the local stress tensor can be written: 

  


 ,x
w





 

Eq. III-3 

Since the free energy density is additive, the effective macroscopic strain energy density 

w~ reads: 

     uww  ~
 

Eq. III-4 

Thus, the macroscopic stress-strain relation is expressed according to: 
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w~

 
Eq. III-5 

Details concerning the variational formulation for the numerical resolution of the problem 

by the finite element method are given in [BOR-01]. In practice, the strain energy density w~  is 

obtained by finite element calculations for different imposed   strain states allowing to activate 

only some components of the stiffness tensor C
~

. Finally, C
~

 can be identified, with its 21 possible 

elastic constants in the most general case. 

II.2. Effective thermal expansion coefficient tensor 

The effective CTE tensor is identified by a thermoelastic simulation by applying a uniform 

increase in temperature T . It depends on the effective stiffness tensor calculated in a previous 

step. The local Hooke’s law reads: 

               xTxuxCxuxCx the ,::    Eq. III-6 

where e ,   and th  are the local elastic, total and thermal strain tensors, respectively and 

0TTT  . 

From the previous remarks, it can be deduced that: 

          thth CxxuxC  ~:
~

: 
 

Eq. III-7 

where   and th~  are the macroscopic imposed total strain and the macroscopic effective thermal 

strain tensors, respectively. 

One suitable way to estimate the effective thermal strain tensor is to impose  0  and, at 

the same time, a constant thermal field in the unit cell. Thus, the expression of this thermal strain 

tensor is the following one: 

  :
~~ Sth   Eq. III-8 

where S
~

 is the compliance tensor deduced from a previous elastic simulation ( 1~~  CS ) and  is 

the mean stress tensor induced in the volume caused by the applied thermal field under the 

restriction of  0 . 



Ch. III: Optimisation of 3D RVE using a periodic homogenisation method 

-45- 

Finally, from Eq. III-8, the effective thermal expansion coefficient tensor ~  is identified as 

follows: 

 
T

C




  :
~

~
1

  with 0TTT   Eq. III-9 

where T , imposed on the whole cell, is uniform. 

It can be pointed out that, thanks to the applied periodic conditions, a border of the unit cell 

is not fixed and can deform but the opposite one deforms in the same way, and the relative 

displacement difference (ΔL) between two opposite points remains equal to zero. 

III. Choice of appropriate Representative Volume Elements (R.V.E.) combined with periodic 

conditions on the boundaries 

Specific periodic microstructures have been studied so that the number of inclusions in the 

representative periodic pattern might be as low as possible to limit the computational time and, at 

the same time, that the effective thermoelastic behaviour can be as less anisotropic as possible to 

respect the statistical isotropy of the elaborated materials. Moreover, in order to be able to apply 

periodic conditions, unit cells were chosen so that the assembly of them might reconstitute all the 

3D-space. Three unit cells representative of three specific inclusions or pores arrangements have 

been examined. The first unit cell corresponds to a spherical inclusion embedded within a cube of 

matrix phase. This pattern, when periodic displacement conditions are applied to the cell boundary, 

allows to analyse the behaviour of microstructure having periodic cubic arrangement (C.), as shown 

in Figure III-1. The symmetry of this arrangement, in term of stiffness, is not isotropic but cubic 

with 6 equivalent directions. Also the maximum volumic fraction of inclusions is limited to 52.4%. 

Two other types of periodic arrangements of inclusions or pores (see Figure III-1) were studied:  

 the face-centred cubic (F.C.C.) arrangement, 

 the hexagonal close-packed (H.C.P.) arrangement. 

Both have 12 equivalent directions and the maximum volumic fraction of inclusions is much 

higher (74%). 



Ch. III: Optimisation of 3D RVE using a periodic homogenisation method 

-46- 

The structure of the stiffness tensor is well known for these three arrangements. To obtain 

the values of its components, Finite Element Periodic Homogenisation (FEPH) was used, the 

simulations being realised with the Code Aster software [AST]. 

C. arrangement F.C.C. arrangement H.C.P. arrangement
 

Figure III-1: Modelled cells corresponding to cubic (C.), face-centred cubic (F.C.C.) 
and hexagonal close-packed (H.C.P.) arrangements 

IV. Deviation from isotropy of the simulated effective tensors 

IV.1. Calculation of stiffness anisotropy indices 

The symmetry of effective stiffness tensors is cubic (Figure III-2) for C. and F.C.C. 

arrangements and transversely isotropic (Figure III-3) for H.C.P. arrangements [HEA-61]. The 

cubic and transversely isotropic stiffness tensors are characterized by 3 and 5 elastic constants, 

respectively, whereas the isotropic one (Figure III-4) is only defined by 2 constants. Therefore, after 

having calculated all the elastic constants and checked the relations between them, one important 

task is to estimate the gap to isotropy of such arrangements, in terms of stiffness, before comparing 

the simulated results, obtained with FEPH, to the experimental results obtained with isotropic 

materials having random microstructures. 
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Figure III-2: Theoretical stiffness tensor 

with cubic symmetry 
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Figure III-3: Theoretical stiffness tensor 

with transversely isotropy (case of isotropy 
in the 1-3 plane) 
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Figure III-4: Theoretical stiffness tensor of an isotropic structure 

The example of Alumina/glass (G/A) composite with 50 vol.% content of inclusions is 

considered, first, to compare qualitatively the simulated effective stiffness tensor to the theoretical 

isotropic one proposed by the Hashin and Shtrikman (HS) model. The effective stiffness tensors of 

the equivalent isotropic material obtained from the bulk and shear modulus bounds of this model is 

presented in Figure III-5. The effective stiffness tensors obtained by FEPH with the three types of 

arrangements are shown in Figure III-6. As it could be expected, the symmetry of the tensors 

obtained with C. and F.C.C. arrangements is cubic and the constant values for the F.C.C. 

arrangement are much closer to the isotropic case (HS- lower bound) than those for the C. 

arrangement. Moreover, in the case of the H.C.P. arrangement, the constants associated to the 

isotropic plane (1-3 plane) are not exactly the same, as expected, as those in the third direction (2-

direction) but quite close since the maximum difference is around 1 GPa.  
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Figure III-5: Effective stiffness tensor of the equivalent isotropic material obtained from the Hashin and 
Shtrikman lower (a) and upper (b) bounds (alumina grain volume fraction of 50%) 
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Figure III-6: Effective stiffness tensors obtained by FEPH with C. (a), F.C.C. (b) and H.C.P. (c) arrangements 
(alumina inclusions volume content of 50%) 

The evaluation of the stiffness anisotropy level of the three arrangements has been done, for 

different inclusions/pores contents, by using an anisotropy index. Zener [ZEN-48] introduced an 

index, A, to quantify the anisotropy of cubic crystals: 

 
1211

442

CC

C
A





 

Eq. III-10 

where C11, C12, C44 are the three independent components of the stiffness tensor. 

Some authors [SPO-95] prefer to quantify the anisotropy with the index A 1  instead of A. An 

equivalent Zener index was calculated for the H.C.P. arrangement. Indeed, since, for our materials, 

the constants associated to the isotropic plane (1-3 plane) are very close to those in the 2-direction, 

even at high content (50%) as shown in Figure III-6c, an equivalent Zener index AHC is defined by 

averaging these constants according to: 

 
 

   13122211

55442

CCCC

CC
AHC 




 
Eq. III-11 

The evolutions of index A or AHC versus the volumic content of inclusions and the value of 

porosity for the different arrangements are shown in Figure III-7a and Figure III-7b, respectively. It 

appears, first, that the gap to isotropy is higher for higher alumina inclusions or pores content. This 

gap is much higher in G/P composites than in G/A composites because of the higher contrast of 

elastic properties (Young’s modulus) between the two phases in porous glass materials. Moreover, 



Ch. III: Optimisation of 3D RVE using a periodic homogenisation method 

-49- 

in both cases (inclusions/pores), the Zener index A obtained with a C. arrangement is rather far 

from the theoretical isotropic case (A=1) whereas the anisotropic indices obtained for F.C.C. and 

H.C.P. arrangements are quite close to the theoretical case. Therefore, the assumption of isotropic 

arrangements for the calculation of Young’s modulus and Poisson’s ratio seems to be more realistic 

in the case of F.C.C. and H.C.P. arrangements. In addition, the Zener anisotropy index appears to be 

the closest one in the case of the H.C.P. arrangement. 
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Figure III-7: Determination of the arrangements anisotropy degree versus inclusions (a) or pores (b) content by 
calculation of the anisotropy index A and AHC from the simulated results 

IV.2. Calculation of a thermal expansion anisotropy index for the H.C.P. arrangement 

The effective thermal expansion coefficient tensor was calculated for different inclusions 

contents for the three types of arrangements, with both alumina inclusions and pores. No thermal 

angular distortion was observed for these arrangements. This is not surprising, given that both 

phases are isotropic and, so, do not introduce a mechanical thermal angular distortion in the 

composites. Generally speaking, three symmetry classes of thermal expansion exist [BOR-10]: 

orthotropic, transversely isotropic and isotropic (cubic): it has been checked that the symmetry of 

thermal expansion of the C. and F.C.C. arrangements is isotropic and the one of the H.C.P. 

arrangement is transversely isotropic as shown in literature (see Figure III-8). Therefore, the gap to 

isotropy has only been estimated for the H.C.P. arrangement: similarly to the anistropic index AHC, 

a thermal expansion anisotropy index, BHC is defined as follows: 

 
1

2




HCB
 

Eq. III-12 

where α1 is the thermal expansion coefficient in the 1 and 3-directions and α2 is the thermal 

expansion coefficient in the 2-direction (Figure III-8b). 
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Figure III-8: (a) Isotropic (C. and F.C.C. arrangements) thermal expansion coefficient tensor and (b) 
transversely isotropic (H.C.P. arrangement) thermal expansion coefficient tensor (isotropic in the 1-3 plane) 

The evolutions of the anisotropy index BHC versus the volume fraction of alumina inclusions 

and pores were estimated. It was shown that BHC remains equal to 1 (theoretical isotropic case) for 

all the inclusions/pores contents. Consequently, there is no difference of thermal expansion between 

the different directions (ie: the 2-direction and the 1-3 directions). Therefore, the C., F.C.C. and 

H.C.P. arrangements can be considered as isotropic for the calculation of the effective CTE. 

V. Comparison of the simulated thermoelastic properties with the measured ones and with 

Hashin and Shtrikman bounds 

The thermoelastic properties, E, ν and α, obtained using the FEPH, for the different unit cell 

configurations (C., F.C.C. and H.C.P. arrangements) and type of heterogeneous materials (G/A and 

G/P materials) were calculated and compared with the experimental data [TES-03] and results from 

the HS bounds. These results are summarized in Figure III-9 to Figure III-11. 

Figure III-9 compares Young's modulus versus the volume content of inclusions and pores. 

For both composites, the Young's modulus 
HSE  and 

HSE  deduced from the lower and upper HS 

bounds delimit these experimental data (
expE ). As usually observed since the stiffness of the 

alumina inclusion is higher than those of matrix, AGE /
exp is closer to 

HSE . Conversely, as expected for 

the porous composite Young's modulus PGE /
exp  is closer to 

HSE . The maximum deviation of the 

experimental results 
expE  from the 

HSE  is reported in Table III-2 for both composites. It appears that 

the maximum deviation is quite higher for G/P materials (10.3%) than the one for G/A materials 

(4.3%). This may be explained by the low values of Young's modulus for G/P materials compared 

to G/A materials. The prediction of Young's modulus 
FEPHE  obtained by FEPH for the three 

arrangements are also reported on Figure III-9. The deviation of 
FEPHE  from 

HSE  is higher for the C. 

arrangement, in G/A composites, than for the two other configurations (Table III-2). For the G/P 
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composites, the H.C.P. arrangement of pores leads values of Young's modulus that are very close to 

the 
HSE  while the C. and F.C.C. arrangements exhibit higher deviations but still in the same range 

as the experimental results. Moreover, Figure III-9-b shows that the C. arrangement results remain 

above the HS upper bound and quite far from the other simulated and experimental results. Thus, in 

both cases of G/A and G/P materials, the F.C.C. and H.C.P. arrangements seem to be suitable 

numerical models, which is in agreement with the rather low anisotropy indices previously 

calculated. 
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Figure III-9: Comparison between the simulated, analytical and experimental Young’s moduli versus inclusions 
(a) or pores (b) content 

 
a) G/A composites b) G/P composites 

v.% HS- deviation (%) v.% HS+ deviation (%) 
C. arrangement 

F.C.C. arrangement 
H.C.P. arrangement 

50 
35 
50 

10.3 
0.9 
2.2 

40 
50 
50 

10.1 
11.2 
2.8 

Experimental data 40.1 4.3 42 10.3 

Table III-2: Maximum deviation of Young’s modulus for the six periodic microstructures and the designed 
composites compared to Young’s modulus calculated with the HS bounds 

In the same way, Figure III-10 shows Poisson’s ratio (
exp ,

FEPH  and HS ) versus inclusions 

and pores content. First, it appears that experimental data 
exp  are more dispersed in case of G/P 

composites than in case of G/A composites. This comes from the usual higher difficulty of 

ultrasonic measurements with porous materials. In addition, for G/A composites, 
exp  is close to the 

HS  (see also Table III-3). This is an expected result because the Poisson's ratios of the two phases 

are close, so the variation of the effective Poisson's ratio depends only slightly on the concentration 

of inclusions. 

When compared with the HS , 
FEPH  gives uneven results depending on the type of 

arrangement of inclusions in the periodic medium (Figure III-10 and Table III-3). For H.C.P. 
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arrangement of inclusions, 
FEPH  is very close to the HS  in both cases. For C. and F.C.C. 

arrangements, it must be pointed out that the effective Poisson's ratio diverge from the constant 

tendency of experimental results when the inclusion content is higher than approximately 5-10%. 

This may be related to the higher anisotropic effect observed with higher concentration of 

inclusions. 
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Figure III-10: Comparison between the simulated, analytical and experimental 
Poisson’s ratios versus inclusions (a) or pores (b) content 

 
G/A composites G/P composites 

v.% HS- deviation (%) v.% HS+ deviation (%) 
C. arrangement 

F.C.C. arrangement 
H.C.P. arrangement 

45 
45 
50 

8.5 
1.5 
2.3 

50 
50 
50 

28.2 
15.9 
2.7 

Experimental data 55 1.7 15.6 8.7 

Table III-3: Maximum deviation of Poisson’s ratio for the six periodic microstructures and the designed 
composites compared to Poisson’s ratios calculated with the HS bounds 

Finally, Figure III-11 shows the effective thermal expansion coefficient α versus inclusions 

content. The simulated results obtained with the three arrangements are close to the experimental 

data and to the HS bounds. 
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Figure III-11: Comparison between the simulated, analytical and experimental thermal expansion coefficient 

versus inclusions content 
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VI. Conclusion 

This chapter dealt with a preliminary work realised on non-thermally damaged materials, 

namely glass/alumina (G/A) and glass/pores (G/P) composites. The main objective was to manage 

to use the periodic homogenisation method properly and to propose (and validate) quasi-isotropic 

periodic arrangements with a low number of inclusions. Indeed, a simple microstructure is needed 

to be able to introduce damage in a next step (Chapter V) requiring much more powerful calculation 

resources. 

The approach developed has consisted in comparing the effective thermoelastic properties 

obtained by finite element periodic homogenisation with experimental data obtained on designed 

G/A and G/P composites and thermoelastic properties deduced from the HS bounds, assuming in all 

case that the heterogeneous medium is isotropic. Three arrangements of inclusions have been 

analysed, namely cubic (C.), face-centred cubic (F.C.C.) and hexagonal close-packed (H.C.P.) ones. 

Anisotropy indices (A, AHC, BHC), calculated from the effective stiffness tensors and the 

effective thermal expansion coefficient tensors, have allowed to show the low degree of anisotropy 

especially for the F.C.C. and H.C.P. arrangements. Then, by assuming that the unit cells allow to 

depict R.V.E. with phases having isotropic thermoelastic behaviour, the effective Young’s modulus, 

Poisson’s ratio and coefficient of thermal expansion were calculated from the simulated results and 

compared to the experimental data and the properties deduced from the HS bounds. 

The three periodic microstructures simulated with FEPH are able to give a quite accurate 

estimate of the macroscopic Young's modulus and CTE, sufficient compared to the scattering of the 

experimental data. The estimates of the effective Poisson's ratio are also accurate but, in the case of 

G/P composites, the results with C. and F.C.C arrangements diverge from both experimental data 

and the Poisson's ratio determined from the HS+ bound. The quite good agreement between these 

results allows to validate the choice of F.C.C and H.C.P. microstructures combined with periodic 

conditions for the next study (Chapter V) on magnesia-spinel composites involving possible 

damage in the magnesia matrix. 
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Chapter IV. Characterisation of thermal damage induced by 

thermal expansion mismatch in magnesia-spinel materials and 

impact on the mechanical behaviour 

I. Elastic properties at room temperature 

I.1. Single constituents: porosity influence 

In the previous chapter, the evolution of the elastic properties versus porosity were well 

described by the Hashin and Shrikman model, but in the case of pure magnesia and spinel materials, 

the experimental results are rather far from this model [GRA-10]. Therefore, another analytical 

model is needed. 

The influence of porosity on the elastic properties is an old issue and many formulations 

have been proposed in literature for several decades [SPR-61, ISH-67, COB-56, MAC-50, NEM-

99, CHR-00]. Pabst et al. have reviewed [PAB-06] some of these formulations and proposed a new 

one [PAB-04]. This model is expressed by: 
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²11   Eq. IV-1 

where: E, E0 and Er are the Young modulus at the considered porosity, the dense Young modulus, 

and the relative Young modulus at the considered porosity; ξ is a parameter to be determined by 

fitting experimentally measured data (ξ = 2 with isometric pores); and P and Pc are the porosity and 

the percolation threshold, respectively. The percolation threshold is the critical porosity above 

which the pores are supposed to be connected and to form long-range connectivity in the material. 

This analytical model has been used as reference for the study of the elastic properties of the 

single constituents versus porosity.  

The experimental Young’s modulus evolution versus porosity (different samples) of pure 

magnesia and pure spinel are shown in Figure IV-1a and Figure IV-1b, for a given porosity range. 

As expected, for both materials, the Young’s modulus is significantly decreased by increasing the 

porosity. The analytical Pabst-Gregorova model is also represented in Figure IV-1a and Figure 
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IV-1b. The value of the geometrical parameter ξ was fixed to 2 for both magnesia and spinel by 

assuming the pores to be isometric. These dotted lines reported in these figures were obtained, by 

fitting the experimental results, for a percolation threshold Pc assumed to be equal to 45% and 

values of dense Young’s modulus E0 of magnesia and spinel assumed to be equal to 290 and 280 

GPa, respectively. As a remark, the value of E0 for magnesia, deduced here, is slightly lower than 

the value obtained by Chung [CHU-63] on magnesia monocrystals and polycrystals, namely 305 

GPa, from the stiffness constants Cij. According to Figure IV-1a and Figure IV-1b, the Pabst-

Gregorova seems to describe well the Young’s modulus evolution versus porosity of both magnesia 

and spinel. Indeed, the values obtained on single aggregates by nano-indentation (and local 

ultrasonic measurements in immersion) are very close to this model, as well as the values obtained 

on disc samples by ultrasonic means. Nevertheless, the experimental values obtained on bricks are 

quite lower than the model in dotted lines. Since the disc samples were obtained only from fines and 

the bricks from different granulometric categories (fines, 0-1 mm and 1-3 mm grains), these lower 

results could come from the more complex microstructures of bricks with, for example, imperfect 

bond between aggregates and fines.  

 
-a- 

 
-b- 

Figure IV-1: Young’s modulus evolution versus porosity of (a) magnesia (aggregate, disc samples and brick) and 
(b) spinel (aggregate, disc samples and brick), and comparison with the Pabst-Gregorova model 

Finally, the experimental results obtained on spinel aggregates and on the magnesia 

reference brick are considered, in the next paragraph, as the values of Young’s modulus of the two 

constituents of the magnesia-spinel composites, namely the spinel aggregates and the magnesia 

matrix. 
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I.2. Magnesia-spinel composites: spinel content influence and comparison with the Hashin 

and Shtrikman model 

The experimental Young’s modulus values previously obtained for the magnesia matrix and 

the spinel inclusions, namely 110 GPa and 210 GPa respectively, are considered in Figure IV-2 

representing the Young’s modulus evolution versus spinel inclusions content of the magnesia-spinel 

composites. These two values, corresponding, respectively, to 0% and 100% of spinel inclusions 

allow to deduce the lower bound of the Hashin and Shtrikman model (Figure IV-2) representing the 

hypothetical undamaged evolution of Young’s modulus versus inclusions content. As a remark, due 

to their high heterogeneities, the experimental Young’s modulus of the magnesia-spinel bricks were 

not obtained by usual ultrasonic measurements in infinite medium mode but by ultrasonic 

measurements in long bar mode allowing to work at lower frequencies. 

As we could expect, the experimental and analytical results are not well correlated. 

According to the HS model, an increasing spinel inclusion content should increase Young’s 

modulus of the composite, which is not observed experimentally. Indeed, it appears that increasing 

the spinel inclusion fraction induces a decrease in Young’s modulus. 

 
Figure IV-2: Evolution of experimental Young’s modulus of the magnesia-spinel composites versus spinel 

inclusions content and comparison with the lower bound of the Hashin & Strikman model 

In fact, lower Young’s modulus values are in agreement with the presence of a microcracks 

network in these thermally damaged materials. Then, the spinel inclusion content (with a grain size 

of 1-3mm) seems to have a very high impact on the results since only 5 wt.% is enough to divide 

the Young’s modulus by two. Furthermore, the composite containing 15 wt.% of 0-1mm spinel 

grains exhibits a higher Young’s modulus than the one composed of 15 wt.% of 1-3mm spinel 

grains. Thus, the elastic properties at room temperature seem to be less affected with smaller 

inclusions. As a remark, Aksel et al. [AKS-03c] studied the influence of the addition of spinel 
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inclusions within a magnesia matrix, but for fine-grained magnesia-spinel composites (several tens 

of micrometers), involving much higher Young’s modulus values, and observed also a decrease of 

Young’s modulus versus spinel content. 

As mentioned before, thermal damage can be estimated by calculating the gap (%) to the 

Hashin and Shtrikman lower bound: 

 

 


 


HS

HS
th E
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D exp

 

Eq. IV-2 

where Dth, EHS- and Eexp are a thermal damage parameter (Kachanov type parameter [KAC-58]), the 

analytical (HS model) and the experimental Young’s modulus values, respectively. 

Figure IV-3 shows that the relation between the spinel content and the thermal damage 

parameter is not linear. In order to clarify the influence of the spinel inclusions (content and size) on 

the thermal damage of composites, high temperature investigations have been carried out and are 

presented in the next paragraph. 

 
Figure IV-3: Evolution of the Dth thermal damage parameter, calculated from the experimental and theoretical 

(HS model) Young’s modulus values 

II. High temperature evolution: thermal micro damage during cooling 

II.1. Evolution of Young’s modulus in dependence of temperature 

In a first step, the Young’s modulus of the two single constituents of the composites were 

determined in dependence of temperature. To do that, long bar samples were extracted from 

elaborated bricks. For magnesia matrix, the magnesia reference brick, previously presented, was 

considered. For spinel inclusions, since it was experimentally not possible to characterise the 
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Young’s modulus of a single aggregate at high temperature, a spinel brick has been elaborated (as 

shown in Figure IV-1b). Then, since the porosity of this spinel brick is much higher, and the 

Young’s modulus much lower, than the one of a spinel aggregate (Figure IV-1b), the evolution of 

the Young’s modulus of a spinel aggregate in dependence of temperature has been recalculated 

(Figure IV-4), by proportionality (correction factor), from the Young’s modulus evolution of the 

spinel brick. 

According to this figure, the evolutions of the Young’s modulus of the magnesia matrix and 

the spinel inclusions, in dependence of temperature, are quasi linear, reversible and exhibit almost 

the same slope. Moreover, from these two evolutions, a theoretical undamaged evolution zone, 

provided by the Hashin and Shtrikman model for the magnesia-spinel composites and 

corresponding to a spinel content between 5 and 34 wt.%, has been added on Figure IV-4. 

 
Figure IV-4: Evolutions of the Young’s modulus of the two single constituents in dependence of temperature and 

theoretical evolutions (HS model) of the magnesia-spinel composites 

In a second step, the evolutions of the Young’s modulus of the magnesia-spinel composites, 

in dependence of temperature, were determined and compared to the Hashin and Shtrikman model. 

These experimental evolutions are shown in Figure IV-5a, with a spinel grain size of 1-3mm and 

different spinel contents (5-34 wt.%), and in Figure IV-5b, with a spinel content of 15 wt.% and 

different spinel grain sizes (0-1 mm and 1-3 mm). First, as already observed in Figure IV-2, the 

experimental values at room temperature are far below the analytical ones. Then, by considering the 

whole curves, it appears that the combination of the two single constituents provides hysteretic 

evolutions of the Young’s modulus with a value at room temperature much lower than those of 

magnesia or spinel alone. This is characteristic for thermally damaged materials with microcracks in 

the microstructure [HUG-07]: the high increase and decrease of Young’s modulus during thermal 

cycle are mainly due to microcracks closure (heating) and microcracks opening (cooling), 

respectively. The temperature corresponding to the beginning of crack opening, characterised by the 
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maximum value, during cooling, seems to be the same for all of the model materials, namely 950°C 

approximately. Then, the major decrease in Young’s modulus occurs in the 950°C-600°C range, 

approximately. According to the results obtained with 1-3mm spinel inclusions (Figure IV-5a), a 

higher spinel content induces a lower Young’s modulus value at room temperature (already 

discussed in Figure IV-2). Of course, when temperature increases, the effect of thermal expansion 

mismatch tends to close microcracks and Young’s modulus increases for all the composite 

materials, but the same classification is still observed at high temperature. In case of a fully crack 

healing, Young’s modulus of composites should reach the estimated values of an hypothetical non-

microcracked material (HS model). In fact, the maximum value at 950°C during cooling being 

rather lower than these values, it seems that, even at high temperature, microcracks are not fully 

closed within the different composite materials. 

-a- 
 

-b- 

Figure IV-5: Evolutions of Young’s modulus, in dependence of temperature, of the magnesia-spinel composites 
with a spinel grain size of 1-3mm and different spinel contents (a) and with a spinel content of 15wt.% and 

different spinel grain sizes (b) 

According to Figure IV-5b, the 0-1mm composite exhibits a Young’s modulus at room 

temperature higher than the 1-3mm composite (as already shown in Figure IV-2). Moreover, the 

relative amplitude of the increase/decrease of Young’s modulus appears to be much higher for the 

0-1mm composite than for the 1-3mm composite. In other words, smaller spinel inclusions involve 

higher Young’s modulus values at room temperature (lower damage within the microstructure), and 

higher increase in Young’s modulus during heating (easier microcracks closure). A possible 

explanation could be that microcracks, present in the microstructure of the 0-1mm composite, are 

smaller but more numerous. Indeed, this would justify the fact that the Young’s modulus values are 

higher at room temperature. In addition, smaller microcracks could also facilitate closure 

mechanisms at high temperature. 
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As an additional remark, the measurement of Young’s modulus during the final stage of 

cooling is usually not possible due to failure of the alumina cement used to stick the sample to the 

waveguide because of thermal expansion mismatch between this alumina cement and the magnesia-

spinel sample. By re-measuring the Young’s modulus at room temperature after the thermal cycle, 

the final  evolution at the end of cooling is assumed and plotted in dotted line (Figure IV-5a). The 

thermal expansion mismatch between the alumina cement and the sample is higher when the spinel 

content is lower. This may explain why the loss of signal appears earlier during cooling for the 5% 

composite (Figure IV-5a), but also for the pure magnesia sample (Figure IV-4). 

II.2. Evolution of the thermal expansion 

The evolutions of thermal expansion of both single constituents and magnesia/spinel 

materials are presented in Figure IV-6. Firstly, the significant difference between the curves slopes 

of the magnesia and spinel samples highlights the thermal expansion mismatch existing between the 

two phases of the magnesia-spinel composites. Moreover, these two thermal expansion curves are 

not linear. The slopes at low and high temperature are quite different but reversible. Concerning the 

two-phase materials, the overall shape of the curves is closely related to the spinel inclusion volume 

fraction. During cooling, the slopes decrease significantly, especially at the end of cooling, which 

entails rather small residual thermal strain. 

Furthermore, it has been observed previously that microcrack opening occurs during 

cooling, below 1000°C. Therefore, it may be of interest to determine the thermal expansion 

coefficients of the magnesia-spinel composites during cooling, above and below this temperature 

and to compare these values with the Hashin and Shtrikman model. A high difference between 

experimental and analytical results could again confirm microcracking. Thus, the evolution of the 

thermal expansion coefficient in dependence of the spinel inclusion content at both the beginning 

(1200-1000°C) and the end of cooling (400-200°C) are shown in Figure IV-7. It appears that the 

thermal expansion coefficients measured at the beginning of cooling are in very good agreement 

with the lower bound of the Hashin and Shtrikman model whereas those measured at the end of 

cooling are not so close to these analytical values. Indeed, these measured values are lower than this 

model and the relative difference seems to increase slightly when the spinel content increases. 

According to these observations, a huge part of the microcracks present in the microstructure seem 

to be closed at the beginning of cooling. At lower temperature, stress relaxation, involved by 

microcracks opening during cooling, leads to lower thermal expansion values than expected. 
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Figure IV-6: Evolutions of thermal expansion of the 
magnesia/spinel composites and the two constituents 

 
Figure IV-7: Influence of the spinel inclusion content 
on the thermal expansion coefficient of composites at 
both the beginning (1200-1000°C) and the end (400-

200°C) of cooling 

II.3. Evolution of acoustic emission at high temperature 

Acoustic emission tests at high temperature were also carried out in order to validate the 

hypothesis of microcrack opening during cooling, below 1000°C, and to compare the results for the 

different magnesia-spinel composites. The acoustic emission results obtained for some of the 

considered materials are shown in Figure IV-8a and Figure IV-8b. According to Figure IV-8a, the 

acoustic activity of a magnesia sample is very low compared to those of the other materials. For 

these two model materials (5 wt.% and 15 wt.% of spinel), acoustic activity is slightly present 

during heating, but is much higher during cooling, especially between 950°C and 550°C. This is in 

good agreement with the previous observations regarding the evolutions of the Young’s modulus in 

dependence of temperature. Indeed, the presence of a quite small number of hits during heating can 

be explained by the mechanical closure of microcracks [CHO-08] whereas the sudden high increase 

of hits during the cooling stage may be interpreted as the re-opening of microcracks caused by 

thermal expansion mismatches. Moreover, Figure IV-8a shows that a higher spinel content in model 

materials induces a higher cumulated number of hits during thermal cycling. This can be explained 

by the fact that more microcracks get opened during cooling when the spinel content is higher, as 

already proposed from Figure IV-5a. 

Furthermore, according to Figure IV-8b, a smaller inclusion size seems to increase 

significantly the total cumulated number of hits. This would justify the fact that, as previously 

assumed from Figure IV-5b, the number of microcracks in the 0-1mm composite is higher than the 

one in the 1-3 mm composite, even if these “small” microcracks affect less the Young’s modulus 

value. 
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-a- 

 
-b- 

Figure IV-8: Evolution of acoustic emission versus temperature during thermal cycle up to 1350°C – Influence of 
the spinel inclusions content (a) and the spinel grain size (b) 

III. Influence of thermal micro damage on the mechanical behaviour under 

tension at room temperature 

As previously explained in Chapter I, in reference to literature, the non-linear fracture, the 

rising R-curve phenomenon and the thermal shock damage resistance are very linked together and 

the way of improving them is to control the microstructure design. Here, the main changing 

microstructural parameter is the spinel inclusions content which is closely related to the thermal 

damage parameter Dth (see the previous paragraph). Thus, the thermal micro damage within the 

magnesia-spinel composites, which occurs during cooling, may have a significant influence on the 

mechanical behaviour of such materials. 

III.1. Stress-strain curves obtained by tensile tests 

The stress-strain curves of the single constituents, obtained by tensile tests, are presented in 

Figure IV-9a and Figure IV-9b. The mechanical behaviours of these two constituents are very 

different. Indeed, the spinel material (Figure IV-9a) exhibits a nearly linear elastic behaviour with 

very small damage and a total failure at very low strain level which is characteristic for brittle 

materials. Concerning the magnesia material, some experimental difficulties have been 

encountered, which made it impossible to get the entire peak (Figure IV-9b). This problem, also 

obtained with industrial pure magnesia products, could be due to the combination of magnesia 

property (micro-damage, plasticity, rupture by cleavage) [DAV-79, GAI-06, STO-63, DAY-64, 

PAT-70, MAT-04] and inappropriate tensile test device rigidity. The retained solution to overcome 

this problem was to find a suitable function fitting the valid data in order to re-build an assumed 

stress-strain curve (assumed curve in Figure IV-9b). Nevertheless, the tensile strength deduced from 

the assumed curve, and considered later for the calculation of mechanical parameters, might be, all 
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the same, underestimated. Anyway, unlike the spinel material, the magnesia material presents a 

non-linear behaviour (rather small) before the peak with a significant post-peak region and a high 

strain to rupture. This behaviour is not common at room temperature for homogeneous ceramic 

materials and seems to be not so far from the so-called quasi-brittle behaviour of concretes, and 

some polyphase refractories. A possible explanation of this behaviour is the coarse grain size (1-3 

mm and 3-5 mm) distribution of this material (see Table II-3) which was reported to potentially 

improve fracture and thermal shock resistance of magnesite refractories [UCH-76]. This quasi-

brittle behaviour will be taken into account in the simulation part (Chapter V), as well as the linear 

elastic behaviour of the spinel inclusions. 

 
-a- 

 
-b- 

Figure IV-9: Stress-strain curves of the pure spinel (a) and the pure magnesia (b) materials obtained by tensile 
tests (Due to experimental problems, the real peak of the curve (b) was not obtained and had to be assumed) 

All the magnesia-spinel composites were characterised in tension. But, in order to be able to 

compare clearly the global curves, with their loading/unloading cycles, only three of them are 

represented in Figure IV-10a, namely 5, 15 and 25% of spinel inclusions (1-3 mm). According to 

this figure, the global stress-strain curves in tension present a non-linear mechanical behaviour up to 

the peak with a significant post-peak region and residual strain when unloading. Moreover, the 

increase of spinel content seems mainly to decrease the tensile strength. The very beginning of the 

stress-strain curves of the different composites, as well as the single constituents are presented in 

Figure IV-10b. It appears that an increasing spinel inclusions content increases the non-linearity of 

the mechanical behaviour in tension due to a denser pre-existent microcracks network developed 

during cooling. 
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-a-  

-b- 

Figure IV-10: (a) Example of global stress-strain curves obtained with different magnesia-spinel 
composites, (b) Comparison of the stress-strain curves obtained with both single materials and 

composites at their very beginning 

In order to understand better the influence of thermal damage on the mechanical behaviour, 

a mechanical damage parameter (Kachanov [KAC-58] type), noted Dth+mec, is proposed as follows: 
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  Eq. IV-3 

where HSE , i
TTE  and i

mecthD   are, respectively, the hypothetical undamaged Young’s modulus 

deduced from the lower bound of the Hashin and Shtrikman model, the experimental Young’s 

modulus at the ith unloading/loading cycle of a tensile test (Figure IV-11a), and the calculated value 

of the mechanical damage parameter at this ith cycle. 

The fact that the reference Young’s modulus value used to calculate i
mecthD   is not the value 

measured at the first loading step, as usually done, but the analytical HS value, allows to take into 

account the initial thermal damage occurred during the previous cooling stage of the process. 

Indeed, the initial value of mecthD   (at ε = 0) corresponds to the value of thD  previously calculated. 

The evolutions of this mechanical damage parameter versus strain of the magnesia-spinel 

composites and the single constituents are shown in Figure IV-11b. First, as expected, it can be 

pointed out that, unlike the two single constituents, the magnesia-spinel composites present initial 

damage before loading in tension. Otherwise, for the spinel material, the increase in mechanical 

damage is very fast compared to the others and a total failure occurs at very low strain level. The 

magnesia material also exhibits an increase in damage, but much more progressive with increasing 

strain value. In the same trend, the mechanical damage within the magnesia-spinel composites 

occurs more slowly than the two constituents when the strain increases, and, like magnesia, in a 
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progressive way. Finally, the thermal damage occurred within these composites during cooling 

seems to make them less sensitive to mechanical damage (the materials accept especially high level 

of damage) and, then, more tolerant to high strain levels, which may, therefore, improve their 

thermal shock damage resistance.  

 
-a- 

 
-b- 

Figure IV-11: (a) Determination of the Young’s modulus ETT during the whole tensile test allowing to estimate 
the mechanical damage parameter Dth+mec, (b) Evolutions of the mechanical damage parameters Dth+mec, taking 

into account initial thermal damage, of the single and two-phase materials versus strain 

III.2. Force-displacement curves obtained by wedge splitting tests 

The global force-displacement curves of the pure magnesia and the magnesia-spinel 

composites obtained by wedge splitting tests are shown in Figure IV-12a. As expected, the 

mechanical behaviour of magnesia is very different from the other ones since it exhibits a much 

higher maximum force, a lower strain at the peak, and a thinner peak due to a smaller post-peak 

region. This is in agreement with the previous observations from tensile test results. Concerning the 

composites, the increase of spinel content mainly lowers the maximum force but does not influence 

so much the end of the post-peak region since they are all very close. By considering the very 

beginning of these force-displacement curves (see Figure IV-12b), it appears, as already observed 

from tensile tests results, that the spinel addition, and, therefore, the thermal damage introduction, 

allows to enhance the non-linearity of the mechanical behaviour, especially when the spinel content 

increases. 

As mentioned in Chapter I, this non-linearity, as well as the post-peak regions, is mainly 

caused by toughening mechanisms occurring around the crack, especially in the following wake 

region, which may increase the resistance to crack propagation. Thus, it seems interesting, in the 

future, to be able to identify, from microstructure micrographs (example in Figure IV-13), the 

evolution of all the deformation phenomena occurring during a wedge splitting test, and compare 
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the results for these different materials. In fact, from micrographs, only the main macrocrack can be 

detected by the naked eye (Figure IV-13b), but the early apparition of the macrocrack, as well as all 

the stressed microcracks pre-existing around the middle plane, is not really visible. A work based 

on Digital Image Correlation (D.I.C.), which should allow to get strain fields versus time from all 

the micrographs taken during a test, has been begun during the FIRE Master project of Y. Belrhiti 

[BEL-11] but is still in progress. 

 
-a- 

 
-b- 

Figure IV-12: Force-displacement curves of the magnesia material and the magnesia-spinel composites obtained 
by wedge splitting tests (a) and zoom on the very beginning of these curves (b) 

 
-a- 

 
-b- 

Figure IV-13: Micrographs at the beginning (a) and during (b) a wedge splitting test on a magnesia-spinel 
composite with 15% of spinel (1-3mm) 
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III.3. Tensile and wedge splitting tests: evolution of common key parameters 

and correlation analysis 

III.3.1. Presentation of common mechanical parameters from the two techniques 

The tensile and wedge splitting tests are complementary techniques since they do not give 

exactly the same information. The tensile test, without any notch, provides the stress-strain 

behaviour of the materials which is often required in numerical models. This test is suitable for the 

investigation of the non-linearity of the mechanical behaviour before localisation of a macrocrack 

when the whole sample volume is stressed, inducing a diffuse damage in the volume. The wedge 

splitting test, having a notch, allows to investigate the formation of a macrocrack and its stable 

propagation within the sample. The damage is supposed to be mainly concentrated in the section 

plane below the notch. The non-linearity of the mechanical behaviour can also be investigated even 

if it does not correspond exactly to the same phenomena as for a tensile test. Indeed, the latter 

provides the tensile strain while the wedge splitting test provides the crack opening strain in tension. 

Although these two mechanical tests are quite different, they both allow to apply uniaxial 

tension within the studied samples and, thus, provide crucial information concerning the fracture 

process of the considered material. Therefore, it seems of interest to introduce mechanical 

parameters for both tests allowing to provide comparable information. A significant work of 

synthesis was done in order to provide accurate formulas for each couple of parameters. Indeed, as 

explained below, some differences in the way of calculating the fracture energy entail slightly 

different formulas for the wedge splitting and tensile tests. Some details, here, concerning these 

formulas, especially for the thermal shock parameters, might be found to be long by the reader but 

are, nonetheless, essential for a better understanding. 

III.3.1.1. Tensile strengths and fracture energies 

Tensile strengths and fracture energies can be directly deduced from the stress-strain (Figure 

IV-14a) and force-displacement (Figure IV-14b) curves obtained by tensile and wedge splitting 

tests, respectively. 
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Figure IV-14: Tensile strengths (σt and σNT), and fracture energies (
'
f

V G  and 
'
f

SG ) obtained from tensile (a) 

and wedge splitting tests results (b) 

The tensile strength σt (Figure IV-14a) corresponds to the maximum stress (at the peak) of 

the stress-strain curve obtained by tensile test. The nominal notch tensile strength σNT (Figure 

IV-14b) is deduced from the maximum horizontal force 
maxHF  of the force-displacement curve, 

obtained by wedge splitting test, as follows [AUE-06]: 
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  Eq. IV-4 

where b and h are the width and the height of the ligament, respectively, and y is the vertical 

distance from the horizontal force FH to the centre of gravity of the ligament. 

Although these two tensile strengths are not exactly the same (addition of tensile and 

bending stresses for σNT), they are considered later for comparison. 

The fracture energies are deduced from the total area under the curves obtained by tensile 

and wedge splitting tests. The determination of the area under the stress-strain curve (tensile test) 

provides directly a volume fracture energy, 
f

V G  (J.m-3), while the surface fracture energy, usually 

obtained from wedge splitting test, called specific fracture energy,
f

S G  (J.m-2), corresponds to the 

area under the force-displacement curve divided by the section S (see the formula in Figure 

IV-14b). Moreover, since wedge splitting tests are here not carried out until total rupture, the 

fracture energy is calculated until 15% of the maximum force (
maxHF ) after the peak and the so-

calculated fracture energy is noted '
f

S G  (Figure IV-14b). For pertinent comparisons, the volume 

fracture energy obtained by tensile test is also calculated until 15% of the tensile strength (σt) after 



Ch. IV: Characterisation of thermal damage and impact on the mechanical behaviour 

-69- 

the peak and noted '
f

V G  (Figure IV-14a). As a remark, for the calculation of the volume energy, 

since the stress-strain curve exhibits different loading/unloading cycles, only the upper envelope of 

this curve has been considered. 

Otherwise, it is possible to get a surface fracture energy from the tensile test by considering 

the sample section instead of the sample volume (multiplication of the volume energy by the gauge 

length L0, Figure IV-14a). Nevertheless, surface fracture energy, for tensile tests, will be calculated 

only when required for the calculation of thermal shock resistance parameters. It must be pointed 

out that the calculation of this surface fracture energy involves a factor ½, as it was proposed for the 

calculation of the work-of-fracture (Eq. I-8), since two surfaces are created. This factor ½ is not 

considered in the calculation of the specific fracture energy obtained by wedge splitting test. 

Therefore, when calculating the thermal shock resistance parameters (see next paragraph), the factor 

½ will have to appear for wedge splitting test. 

III.3.1.2. Energetic brittleness numbers and thermal shock resistance parameters 

Energetic brittleness numbers were proposed in literature in order to be able to classify 

refractories according to their reduced brittleness which is closely related to thermal shock 

resistance. First, Gogotsi et al. introduced a brittleness number [GOG-78], called here 1B , as the 

ratio of the specific elastic energy accumulated in the material at fracture to the whole specific 

energy expended to attain the peak (see Figure IV-15a): 
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where σt, εpeak are the stress and the strain at the peak and E is the initial Young’s modulus which is 

assumed to be unchanged at the peak for the calculation of the stored elastic energy. 

It can be noticed that this dimensionless brittleness number, is a ratio of two volume energies. 

For the present study, similarly to the Gogotsi’s brittleness number, another ratio '
2B  can be 

calculated from the tensile test results by also considering the post-peak region of the curve with the 

volume fracture energy '
f

VG  (see Figure IV-15b): 
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  Eq. IV-6 

Otherwise, since the specific fracture energy measured by wedge splitting test is a surface 

energy, Harmuth et al. suggested [HAR-97] to use the following brittleness number, noted here B’: 
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where σNT and L are the nominal notch tensile strength obtained by wedge splitting test and a 

specimen dimension, respectively. 

A specific dimension of the specimen, L, has to be introduced here because the 

dimensionless brittleness number B’, calculated from wedge splitting tests, does not involve two 

volume energies but the surface specific fracture energy '
f

SG  (J.m-2) and the volume elastic energy 

accumulated in the material at fracture. This dimension, representative of a wedge splitting test 

sample, is arbitrarily chosen and, therefore, the brittleness number B’, calculated for wedge splitting 

tests, should not be directly compared with the brittleness numbers calculated for other techniques, 

like tensile tests ( '
2B ). Nonetheless, the comparison of their relative evolution, in dependence of 

either inclusion content or thermal damage parameter, seems possible. 
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Figure IV-15: Schematic representations of elastic energy and total energy considered for the 

calculation of the brittleness numbers 1B  [GOG-78] (a) and '
2B  (b) from tensile tests results 
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As discussed in Chapter I (paragraphs II.1. and II.2.), the thermal shock resistance 

parameters R’’’’ and Rst, firstly introduced by Hasselman, depended on the surface fracture energy γs 

and then, later, it was proposed to calculate these parameters from the work of fracture γWOF instead 

of γs. In a similar way, it has been proposed, here, to replace γs by the fracture energies '
f

S G  

previously introduced for tensile and wedge splitting tests. Indeed, in order to respect the unit of 

these parameters (R’’’’ in m and Rst in K.m1/2), the fracture energy considered here for the tensile test 

is the surface one ( '
f

S G ). Furthermore, as explained above, the specific fracture energy obtained 

from wedge splitting tests does not include the factor ½ normally introduced when dealing with 

surface fracture energies (see calculation of the work of fracture Eq. I-8) unlike the one obtained 

from tensile tests which includes it. Therefore, for the wedge splitting test, this factor ½ has to be 

introduced in the formulas of the thermal shock resistance parameters. 

Finally, the formulas used to calculate the Rst and R’’’’ thermal shock resistance parameters, 

from the tensile and wedge splitting tests results, are presented in Table IV-1. Otherwise, a fracture 

mechanical parameter, called characteristic length [HIL-83] l’
ch, is usually calculated from the 

wedge splitting tests results, as shown in Table IV-1. Since this characteristic length is inversely 

proportional to B’, it can also provide information on brittleness without introducing the specimen 

size L needed in the formula of B’. The formula used to calculate this characteristic length from 

wedge splitting tests results has been extended to the case of tensile tests results and introduced in 

Table IV-1. Now, by comparing the formulas of R’’’’ and l’
ch for one kind of test, it appears that they 

are quasi-similar since: R’’’’ = l’
ch/2. Therefore, these two parameters will provide exactly the same 

information. Thus, only the characteristic length l’
ch is calculated in the next results. Although this 

length is not denominated as a thermal shock resistance parameter, it will, all the same, give 

information on the ability to sustain thermal shocks. 
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Table IV-1: Formulas used to calculate the parameters Rst, R
’’’’ and l’

ch from wedge splitting and tensile tests 
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III.3.2. Evolution of the mechanical parameters in dependence of the spinel 

content and the thermal damage parameter 

The evolutions of these common mechanical parameters in dependence of the spinel 

inclusions fraction and the thermal damage parameter Dth were determined. Indeed, since the 

thermal damage within the composites is not proportional to the spinel content, the dependence of 

these parameters on Dth seem of particular interest to investigate the thermal damage influence. In 

this part, only the magnesia-spinel composites with spinel grain size of 1-3 mm are considered. 

Concerning the tensile strengths σNT and σt, obtained from the wedge splitting and tensile 

tests results, theirs evolutions versus inclusion fraction and thermal damage parameter are shown in 

Figure IV-16a and Figure IV-16b, respectively. First, in both figures, the global shape evolutions 

obtained with the two techniques are rather similar. Then, as expected, the spinel inclusions 

addition decreases the tensile strengths, especially at low spinel content (Figure IV-16a). Moreover, 

according to Figure IV-16b, the increase of thermal damage obviously decreases the tensile 

strength, and the relation between the tensile strength and the thermal damage parameter appears 

nearly linear. 

 
-a- 

 
-b- 

Figure IV-16: Evolutions of the nominal notch tensile strength σNT (wedge splitting test) and the tensile strength 
σt (tensile test) versus spinel inclusion fraction (a) and versus thermal damage parameter (b) 

The dependences of the fracture energies SG’
f and VG’

f, obtained from the wedge splitting 

and tensile tests results on inclusions content and thermal damage parameter are presented in Figure 

IV-17a and Figure IV-17b, respectively. As a remark, there is no result of energy for the 34%-

composite obtained by tensile test since it has not been possible to characterise experimentally the 

post-peak behaviour. For this content, only the stress-strain curve with pre-peak region is 

considered as a result. Therefore, the parameters involving the fracture energy in their formulas, 

will not be calculated for this content. 
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Even if the values of energy are totally different (not the same unit), the global shape 

evolutions are again quite similar. First, it can be pointed out that the fracture energy of the pure 

magnesia material, without any addition of spinel inclusions, is already significantly higher than 

common homogeneous ceramics which are often brittle and present low fracture energies. 

Secondly, it appears that the addition of spinel allows to increase the fracture energy. Indeed, with 

only 5 wt.% of spinel inclusions, the thermal damage parameter is rather high (around 0.5) and the 

increases in fracture energies are above 50%. Such increase of surface fracture energy is in the same 

range as the one observed by Aksel et al. [AKS-03c] with work-of-fracture tests on fine-grained 

composites. Nevertheless, with higher spinel contents, and, so, higher thermal damage, the fracture 

energy is no longer increased but remains in the same range. 

-a- 
 

-b- 

Figure IV-17: Evolutions of the fracture energies SG’
f (wedge splitting test) and VG’

f (tensile test) versus spinel 
inclusion fraction (a) and versus thermal damage parameter (b) 

Furthermore, Harmuth et al. [HAR-10a, HAR-10b] showed that an industrial magnesia-

spinel product does not necessarily present a higher specific fracture energy than an industrial pure 

magnesia product due to its much lower tensile strength. Thus, they proposed to quantify the ratio 

of fracture energy to tensile strength, which might be considered as another indicator of brittleness. 

This ratio, linked to the ultimate crack opening, does not depend on the Young’s modulus value. 

The evolutions of the SG’
f/σNT ratio (in m), for the wedge splitting test, and the VG’

f/σt ratio 

(dimensionless), for the tensile test, versus inclusion content and thermal damage parameter are 

shown in Figure IV-18a and Figure IV-18b. The increase of spinel content allows to increase these 

ratios, especially at low spinel content. Moreover, the increase of these ratios is nearly linear when 

considering the thermal damage parameter instead of the spinel content. 
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-a- 

 
-b- 

Figure IV-18: Evolutions of the SG’
f/σNT (wedge splitting test) and VG’

f/σt (tensile test) ratios versus spinel 
inclusion fraction (a) and versus thermal damage parameter (b) 

The dependences of the brittleness numbers B’ and B’
2, obtained from the wedge splitting 

and tensile tests results, on inclusions content and thermal damage parameter are presented in 

Figure IV-19a and Figure IV-19b, respectively. Firstly, even though the B’ and B’
2 values cannot be 

compared (arbitrary L value in B’), it can be pointed out that their global shape evolution versus 

both spinel content and thermal damage parameter are rather similar since they both exhibit a 

decrease of brittleness when increasing the spinel inclusion content, and thus, when increasing the 

thermal damage. Similarly to the previous parameters, the main decrease is observed at low 

inclusion fraction (< 5 wt.% in Figure IV-19a) and thermal damage parameter (< 0.5 in Figure 

IV-19b). 

 
-a- -b- 

Figure IV-19: Evolutions of the brittleness numbers B’ (wedge splitting test) and B’
2 (tensile test) versus spinel 

inclusion fraction (a) and versus thermal damage parameter (b) 

Concerning the parameters linked to the ability to sustain thermal shocks, the dependences 

of l’
ch on spinel content and thermal damage parameter are shown in Figure IV-20a and Figure 

IV-20b, while those of Rst are presented in Figure IV-21a and Figure IV-21b. According to Figure 

IV-20, the increase in inclusion fraction and in thermal damage globally increases the l’
ch values but 
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those obtained from tensile test are rather higher than those obtained from wedge splitting test, 

which might come from the rather low tensile strength values obtained from the first test (see the 

formula of l’
ch in Table IV-1). Moreover, a maximum is observed for l’

ch (tensile test) while l’
ch 

(wedge splitting test) presents a monotonic increase. According to Figure IV-21, the Rst evolutions 

appear to be very close for the two techniques. By increasing the spinel inclusion fraction (Figure 

IV-21a), the Rst values progressively increase (faster at low content). Regarding the influence of the 

thermal damage parameter (Figure IV-21b), it appears that its increase makes the Rst parameter 

increase nearly linearly. As a remark, these results show that the spinel addition will allow to 

increase the values of the Rst and l’
ch parameters, and, therefore, improve the thermal shock 

resistance of such magnesia-based materials. Of course, thermal shock resistance tests should be 

carried out to confirm it. 

-a- 
 

-b- 

Figure IV-20: Dependences of the thermal shock resistance parameters l’
ch (wedge splitting test) and R’’’’ (tensile 

test) on spinel inclusion fraction (a) and thermal damage parameter (b) 

 
-a- -b- 

Figure IV-21: Dependences of the thermal shock resistance parameter Rst (obtained from tensile and wedge 
splitting tests) on spinel inclusion fraction (a) and thermal damage parameter (b) 
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III.3.3. Correlation analysis 

The paragraph III.3.2. has allowed to study the influence of spinel fraction and thermal 

damage on the different common mechanical parameters. In fact, since most of these dependences 

seem similar, or inversely similar, it seems of interest to quantify the degree of correlation between 

these parameters, and other interesting ones. Doing that, in addition to the previous paragraph, the 

influence of spinel content and thermal damage could be quantified and, in further analysis, the way 

of improving thermal shock resistance could be discussed. 

All the parameters which are considered here are presented in Table IV-2 with the obtained 

experimental values. The analysis of their correlation was carried out by the use of correlation 

matrices (Figure IV-22 and Figure IV-23), and separately for tensile and wedge splitting tests 

results in order to compare, at the same time, if the characteristics provided by the two techniques 

are similar. Without going into details concerning the procedure providing the correlation matrix, it 

can be pointed out that each coefficient within this matrix allows to estimate the degree of 

correlation between two parameters but the knowledge of this matrix, alone, does not allow to 

determine which parameter is the cause and which one the consequence (no information on 

causation). Moreover, only one half of the matrix (either above or below the diagonal) has to be 

completed since this matrix is symmetric. 

Spinel content %spinel (wt.%) 0% 5% 15% 25% 34% 
Thermal damage Dth 0.00 0.48 0.85 0.87 0.91 

Young’s 
modulus 

ETT (GPa) 89 42 21 17 12 
ERFDA (GPa) 97 50 29 25 22 

Tensile 
strengths 

TT σt (MPa) 4.2 2.3 1.8 1.5 1.2 
WST σNT (MPa) 11.6 6.9 4.5 3.9 3.5 

Fracture 
energies 

TT VG’
f (J.m-3) 3120 6810 5980 5720 _ 

WST SG’
f (J.m-2) 196 322 326 276 252 

Brittleness 
TT B’

2 0.031 0.009 0.012 0.012  
WST B’ 0.47 0.19 0.15 0.15 0.15 

Thermal 
shock 

resistance 

TT Rst (K.m1/2) 1.6 3.7 5.3 6.3 _ 
WST Rst (K.m1/2) 2.4 4.6 6.7 7.2 7.7 
TT l’

ch (mm) 405 1360 1029 1017 _ 
WST l’

ch (mm) 140 341 455 445 442 
Thermal expansion α (·10-6 K-1) 13.3 12.3 11.2 10.4 9.9 

TT, WST and RFDA account for tensile test, wedge splitting test and resonance frequency technique 

Table IV-2: Experimental results considered in the correlation analysis 

The two correlation matrices obtained from wedge splitting and tensile tests results are 

shown in Figure IV-22 and Figure IV-23, respectively. In order to represent and compare in a more 

global way all the data, another form of representation has been proposed. Indeed, since for each 
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type of parameters (ex: tensile strengths, fracture energies...), the sign of its correlation with the 

other ones is the same for both tensile and wedge splitting tests, radar diagrams (Figure IV-24a to 

Figure IV-24f) have been plotted by taking into account the absolute values (negative values are not 

possible with this representation). The blue and dark red plotted areas correspond to the tensile and 

wedge splitting test results, respectively. The signs of correlation, (+) in green and (-) in red, are 

specified for each parameter on the graphs. By using this representation tool, one can visualise 

faster the most correlated parameters with the considered one, and also have an idea about the mean 

correlation degree of one parameter with all the other ones just by observing the size of the plotted 

area. 

 %spinel Dth ERFDA σNT SG’
f B’ Rst l’

ch α 
%spinel 1         

Dth 0.86 1        
ERFDA -0.84 -1.00 1       
σNT -0.86 -1.00 1.00 1      
SG’

f 0.10 0.58 -0.62 -0.59 1     
B’ -0.71 -0.95 0.97 0.96 -0.77 1    
Rst 0.92 0.99 -0.98 -0.99 0.46 -0.91 1   
l’

ch
 0.79 0.99 -0.99 -0.99 0.68 -0.98 0.96 1  

α -0.98 -0.94 0.93 0.95 -0.30 0.83 -0.98 -0.89 1 

Figure IV-22: Correlation matrix obtained from the wedge splitting test results presented in Table IV-1 

 %spinel Dth ETT σt 
VG’

f B’
2 Rst l’

ch α 
%spinel 1         

Dth 0.86 1        
ETT -0.80 -0.98 1       
σt -0.85 -0.98 0.99 1      

VG’
f 0.44 0.74 -0.84 -0.84 1     

B’
2 -0.58 -0.83 0.92 0.92 -0.99 1    

Rst 0.96 0.98 -0.96 -0.96 0.67 -0.78 1   
l’

ch
 0.36 0.65 -0.78 -0.78 0.99 -0.96 0.59 1  

α -0.98 -0.94 0.90 0.94 -0.60 0.72 -1.00 -0.52 1 

Figure IV-23: Correlation matrix obtained from the tensile test results presented in Table IV-1 

First, from all the graphs (from Figure IV-24a to Figure IV-24f), one can observe that two 

main categories of parameters, with opposite dependences, can be distinguished: 

- Spinel content (%spinel), thermal damage (Dth), fracture energy (SG’
f and VG’

f) and ability 

to sustain thermal shocks (Rst and l’
ch) 

- Brittleness (B’ and B’
2), Young’s modulus (ERFDA and ETT), tensile strengths (σNT and σt) 

and thermal expansion (α). 
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These two opposite categories seem to be physically coherent since, for example, the increase of 

thermal shock resistance implies the increase of spinel content, thermal damage and fracture energy, 

and the decrease of brittleness, Young’s modulus, tensile strength and thermal expansion 

coefficient. 

Secondly, it can be observed that the shapes of the correlation areas are globally the same 

for all the parameters, except, perhaps, for l’
ch. 

Anyway, one of the main information provided here is that the considered parameters are 

much more correlated with the thermal damage parameter (Dth) than the spinel content, as it could 

be expected regarding the previous experimental results obtained in paragraph III.3.2.. Moreover, it 

appears that Dth (see Figure IV-24b) is very correlated with the parameters linked to the ability to 

resist to thermal shocks, especially with Rst for both techniques, and l’
ch for the wedge splitting test. 
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-a- %spinel b- Dth 

-c- B’/B’
2 -d- Rst 

 
-e- l’

ch -f- SG’
f/

 VG’
f 

Figure IV-24: Correlation analysis for spinel content (a), thermal damage (b), brittleness (c), ability to sustain 
thermal shocks (d and e) and fracture energy (f) with radar representations 

IV. Conclusion 

This chapter aimed at studying experimentally the influence of the thermal damage that 

occurred during the cooling stage of the process on the mechanical behaviour of the composites.  

The first part consisted in highlighting the thermal damage occurrence (within magnesia-

spinel composites) through high temperature techniques, and quantifying it at room temperature. 

The Hashin and Shtrikman model was applied as a reference to quantify the thermal damage pre-
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existing within the microstructure of those two-phase materials. Indeed, by calculation of a 

Kachanov type parameter, the influence of the spinel content on thermal damage could be 

estimated. Moreover, the comparison of the Young’s modulus at high temperature (beginning of 

cooling) with the values predicted by this model allowed to show that microcracks initially present 

in these materials are not fully closed at the maximum temperature of the thermal cycle.  

As expected, the studied magnesia/spinel composites exhibited, with both tensile and wedge 

splitting tests, non-linear mechanical behaviour under tension up to the peak, high strain-to-rupture 

values compared to the pure magnesia material and significant post-peak regions. Moreover, during 

tensile tests, residual strain was observed when unloading. The considered spinel content range 

allowed to modulate the damage rate, present as a diffuse microcracks network, in order to analyse 

the influence of this thermal damage on the mechanical damage growth within the composites (non-

linearity) when loaded. Thus, it was observed that the increase of spinel content has a real influence 

on the non-linearity of the mechanical behaviour and that the increase of thermal damage highly 

decreases the tensile strength and the brittleness, and increases the fracture energy and the thermal 

shock resistance parameters. In addition, a complementary correlation analysis allowed to quantify 

the correlation degree between the most relevant parameters and, also, to quantify the thermal 

damage influence on the mechanical parameters and, more specifically, on thermal shock 

resistance. The subsequent numerical investigation (Chapter V) will focus on the whole transition 

from thermal damage to the non-linear mechanical behaviour of magnesia-spinel materials. 
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Chapter V. Micromechanical modelling of magnesia-spinel 

refractories: from thermal damage due to thermal expansion 

mismatch to non-linear mechanical behaviour 

I. Preliminary considerations 

I.1. Microstructure design of magnesia-spinel composites 

Since the elaborated magnesia-spinel composites are supposed to be isotropic in both 

stiffness and thermal expansion, the modelled composites have to be isotropic, or quasi-isotropic. 

Nevertheless, the simulation of damage will highly increase the calculation time, as well as the 

required resources (e.g. RAM). That is why rather simple geometries with a small number of 

inclusions are required. The subsequent problem is that the reduction of the number of inclusions 

may irremediably increase the anisotropy of the cell, which must be avoided. This was the main 

subject of Chapter III which concluded that F.C.C. and H.C.P. cells, combined with periodic 

conditions, allow to provide quasi-isotropic properties and, therefore, could be considered to 

represent the microstructure of magnesia-spinel composites. Thus, in the present chapter, a F.C.C. 

periodic cell (Figure V-1) is considered as the quasi-isotropic periodic Representative Volume 

Element depicting the microstructure design of the magnesia-spinel composites. 

 
Figure V-1: Quasi-isotropic periodic cell (Face Centred Cubic arrangement) considered for the 

microstructure design of magnesia-spinel composites 

The significant difference of mechanical behaviour between the two constituents, magnesia 

matrix and spinel inclusions, has been shown in Chapter IV and taken into account in the numerical 

model. Then, in the later, the mechanical behaviour of the spinel inclusions has been considered as 

linear elastic and the one of the magnesia matrix has been considered as a damage elastic one (with 

a post-peak region) in order to well depict damage progression resulting from both temperature 
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variation and mechanical loading. An anisotropic damage model, available in Code Aster and used 

here to represent well the behaviour of the matrix, is presented in the following paragraph. 

I.2. Modelling of the magnesia matrix mechanical behaviour 

by an anisotropic damage model 

I.2.1. Interest of anisotropic continuum damage models 

Despite the existence of different anisotropic continuum damage models, isotropic models 

are still used exclusively in companies in order to represent the behaviour of concrete structures. 

This is due to the complexity of implementation of such anisotropic models, but also the difficulty 

of parameters identification, the difficulty of coupling such model with other physical phenomena 

(creep, plasticity), and, most of the cases, the needed calculation time which can be very long. 

Therefore, when one wants to simulate a mechanical behaviour, it is very important to wonder if an 

isotropic model could be satisfying. In the present work, radial microcracks (oriented damage) are 

expected to occur around the spinel inclusions during cooling. Thus, considering isotropic damage 

around the inclusions cannot represent well the reality and may provide inaccurate macro-

mechanical behaviour. Recently, Sands et al. [SAN-07] proposed a constitutive model, for two-

phase materials with thermal expansion mismatch, in which damage is recorded as a damage 

orientation function held numerically at several orientations. 

Most of the existing anisotropic damage models concern strain-based formulation because 

damage is mainly a strain-controlled phenomenon. According to [CHA-92], a consistent damage 

model, applied to quasi-brittle materials, has to ensure: 

 continuity of stress-strain relation, 

 coherent thermodynamic framework, 

 asymmetry between tension and compression (strength and softening), 

 closure of cracks included in the unilateral properties, 

 damage memory in specific direction: the isotropic elastic behaviour of an element 

becomes anisotropic after damage. 

The problem is that most of the anisotropic damage models [CHA-93, HAL-96, FIC-97, 

DUB-03, MUR-97, CHA-05] do not satisfy all these conditions [CHA-92, COR-02].  
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More recently, Godard and Badel [GOD-05, BAD-07] proposed a very interesting model 

which was implemented in the Code Aster. This damage model allows to depict damage without 

introducing any residual strain (no irreversible strain), and only in the stressed directions (damage 

anisotropy) when submitted to tension. In order not to depend on the mesh, a regularisation method 

(strain gradient method) is coupled with this model. 

I.2.2. Orthotropic damage model from Code Aster with regularisation method 

I.2.2.1. Presentation of the model 

The objective of the model developed by [GOD-05, BAD-07] was to dispose of a simple 

anisotropic model with a rather low number of parameters. Since all phenomena observed 

experimentally could not be taken into account, specifications were fixed before the development of 

this model. More details are given in [GOD-05, BAD-07]. The anisotropy induced by concrete 

damage and the unilateral effects can be described by defining several parameters. These 

parameters are the following ones: 

  : coupling constant between the damage evolution in tension and the damage 

evolution in compression. This constant is between 0 and 1, rather close to 1. The 

default value is 0.9. 

 k0: constant part of the threshold function allowing to calibrate the height of the peak 

in tension. 

 k1: parameter of the threshold function allowing to increase the compression 

threshold. 

 k2: control parameter of the shape of the failure envelope for biaxial tests. The 

default value is 7·10-4. 

 γB: term of the “blocked” energy (equivalent to an energy of strain hardening) 

relative to the damage evolution in tension. This parameter allows to control the 

shape of the peak in tension. 

 γd: term of the “blocked” energy (equivalent to an energy of strain hardening) 

relative to the damage evolution in compression. This parameter allows to control the 

shape of the peak in compression. 

As a remark, the control of the peak in tension and the peak in compression is obtained by 

finding appropriate k0/γB and k1/γd couples, respectively, which allow to fit with the experimental 
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stress-strain curves in tension and in compression. Moreover, the Young’s modulus and the 

Poisson’s ratio have to be specified too. 

Otherwise, since this damage model is orthotropic in tension and isotropic in compression, 

the tensile and compressive damages can be represented by a tensor (Figure V-2) and a scalar, 

respectively. Therefore, six different tensile damage variables (D1, D2, D3, D4, D5 and D6) and one 

compressive damage variable (D7) can be observed in post-processing. 
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Figure V-2: Tensile damage tensor considered with the anisotropic damage model 

I.2.2.2. Main features of the model when loaded in tension and in compression 

In order to understand better the mechanical behaviour of this specific damage model and to 

check the meaning of the different parameters, five different mechanical tests, based on tension and 

compression, have been simulated on a 3D-element. These simulated tests have been managed with 

imposed displacements. 

The first mechanical test, shown in Figure V-3, consists in applying, in one direction (the 3-

direction), different loading/unloading cycles in tension. According to the obtained stress-strain 

curve, there is a memory of damage in the material since, after a loading/unloading cycle, the slope 

of the stress-strain curve (stiffness), when re-loading, is the same as the slope of the previous 

unloading step. Moreover, according to Figure V-3, no residual strain is observed after the different 

loading/unloading cycles, which is characteristic of pure damage elasticity. In addition, the curve is 

not totally linear before reaching the maximum stress because strain softening before the peak is 

also taken into account in the model. 
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Figure V-3: Simulated tensile test on one element in the 3-direction 

The second mechanical test, presented in Figure V-4, consists in applying three different 

successive tensile tests in different directions. More precisely, the steps 1 and 2 (Figure V-4a) 

correspond to a loading/unloading cycle in tension in the 3-direction, the steps 3 and 4 (Figure 

V-4b) correspond to a loading/unloading cycle in tension in the 2-direction, and, finally, the step 5 

(Figure V-4c) is a loading step in tension in the 3-direction. According to the stress-strain curve 

shown in Figure V-4a, during the first tensile test in the 3-direction, the stiffness is reduced in this 

direction. Then, when applying a tensile test in the 2-direction (Figure V-4b), it appears that the 

stiffness in this direction is the same as the one at the beginning of the first test (when no damage is 

present). Thus, the anisotropy of this model in tension is, here, obvious. Moreover, there is still 

damage memory in the 3-direction (Figure V-4c) even after the loading/unloading cycle in the 2-

direction. 
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Figure V-4: Simulated tensile tests on one element in different directions 

The third mechanical test, shown in Figure V-5, is composed of successive 

loading/unloading cycles in compression in only one direction (the 3-direction). According to the 

obtained stress-strain curve, there is, like in tension, damage memory (regarding the slopes), no 

residual strain when unloading, and strain softening before reaching the maximum stress. 
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Figure V-5: Simulated compressive test on one element in the 3-direction 

The fourth mechanical test, presented in Figure V-6, consists in applying two different successive 

compressive tests in different directions. More precisely, the steps 1 and 2 correspond to a 

loading/unloading cycle in compression in the 3-direction and the step 3 corresponds to a loading 

step in compression in the 2-direction. The stress-strain curves obtained in the 3-direction (blue 

curve) and in the 2-direction (red curve) are superimposed for the steps 2 and 3. Then, when 

applying a compression test in the 2-direction (red curve), it appears that the stiffness is the same as 

the one at the end of the first test (in another direction), which means that damage appears not only 

in the stressed direction but also in the other directions, confirming the isotropy of this model in 

compression. 

1
2

3

1
2

3

-100

-80

-60

-40

-20

0

-2.0% -1.5% -1.0% -0.5% 0.0%

S
tress (M

P
a)

Strain

3-direction
2-direction

1

1

2

3

3

 
Figure V-6: Simulated compressive tests on one element in different directions 

The last mechanical test, presented in Figure V-7, consists in applying successive tensile and 

compressive tests in the same direction (the 3-direction). More precisely, the steps 1 and 2 

correspond to a loading/unloading cycle in tension, the steps 3 and 4 correspond a 

loading/unloading cycle in compression, and, finally, the step 5 is a loading step in tension. 

According to the obtained stress-strain curve, it appears, first, that compression (at low level) leads 

to crack closure. Indeed, the slope of the curve in compression (step 3) is the same as the initial 

slope (initial stiffness) before tension (step 1). Moreover, it can be pointed out that cracks obtained 
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in tension can get closed in compression, but damage memory is still observable when reloading in 

tension (step 5). It means that microcracks do not vanish when closed in compression, which is 

physically realistic. 
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Figure V-7: Simulated tensile and compressive tests on one element in the 3-direction 

Otherwise, as already mentioned in Chapter I (paragraph III.4.), in such continuum damage 

models, problems of damage localisation in one element are usually observed, entailing a high mesh 

dependency. To overcome that, regularisation methods are often used. Here, a strain gradient 

method [GOD-05], based on the work of Peerlings et al. [PEE-95], has been chosen in order to 

delocalise the behaviour law by regularisation of the local strain  . Indeed, from the local strain 

tensor  , calculated for all the nodes independently, a mean, or regularised, strain tensor   is 

determined for the nodes located on the quadratic elements vertices (Figure V-8), by taking into 

account its neighbourhood.  

u, 
u

Nodal variables :



 
Figure V-8: Tetragonal element (quadratic order) with regularised strain calculated at its vertices 

This considered neighbourhood depends on a characteristic length which has to be specified 

in the model (estimated by the user). Even if they have the same name, this numerical characteristic 

length is totally different from the experimental characteristic length presented in Chapter IV. After 

determining the regularised strain tensor   (Step 1 in Figure V-9a), the damage variables (tensor in 

tension and scalar in compression) are, then, calculated from this tensor (Step 2 in Figure V-9a). An 

important remark is the following one: the stress tensor is, then, obtained from these damage 
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variables (deduced from  ) and the local strain tensor  (not  !), as indicated by the dotted line 

in Figure V-9a (Step 3). Indeed, the use of regularised strains in the calculation of the stresses 

would “regularise too much” the problem, entailing questions on the solutions existence [AST-10]. 

Stress σi(ED( εi ), εi)

Strain εi0

Reduced stiffness (damage D) 
obtained from the regularised strain

εi εi
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Reduced stiffness (damage D) 
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-b- 

Figure V-9: (a) Scheme explaining how the stresses are calculated when using the considered regularisation 
method and (b) associated possible problem of stress value overestimation. 

In other words, the fact that the stresses are calculated from damage (depending on  ) and 

the local strains   can be responsible for overestimated stress values, as presented in Figure V-9b. 

Indeed, according to this figure, with regularisation of the strains, the damage may be lower than 

without regularisation, and therefore, the stiffness higher, which logically induces higher stresses. 

Moreover, since   is calculated from the characteristic length specified in the model, this length 

will directly act on this overestimation phenomenon. The optimisation of its value is here very 

difficult since very time consuming. 

To sum up, a regularisation (or delocalisation) method is needed here to overcome the 

problem of mesh dependency. But, although the strain gradient method used allows to reach this 

goal, it is not perfect since, in post-treatment, the stress values may be overestimated according to 

the specified characteristic length. Thus, the more reliable results to consider will be the damage 

and strain values. 

After this brief presentation of the anisotropic model chosen in Code Aster to represent the 

behaviour of the magnesia matrix, the next part will be devoted to the model parameter adjustment 

from experimental results. 



Ch. V: Micromechanical modelling: from thermal damage to non-linear mechanical behaviour 

-89- 

II. Simulation of a wedge splitting test to adjust the parameters of the anisotropic damage 

model for the magnesia matrix and illustrate the relevance of using this model 

Since the anisotropic damage model is supposed to be assigned to the magnesia matrix, the 

easiest way to adjust the model parameters should be to apply tension and compression tests on one 

element, as just done in the previous paragraph. Nevertheless, as mentioned in Chapter IV, tensile 

tests on pure magnesia samples, especially, have not permitted to get satisfactory results since the 

overall stress-strain curves could not be obtained and the peak had to be assumed especially. 

Therefore, the adjustment of the model parameters has been preferentially done from experimental 

results obtained by wedge splitting tests. Moreover, in addition to identify the model parameters, 

the simulation of a wedge splitting test could also allow to visualise the stress field involved within 

the sample during a wedge splitting test and estimate the local damage parameters progression. 

II.1. Considered 3D model 

Simulation of damage during a wedge splitting test may require significant calculation 

resources. In order to reduce this demand, and according to the symmetry of a wedge splitting test 

sample, the 3D geometry considered here is one quarter of the sample (Figure V-10). Moreover, in 

order to represent physically the load transmission piece (in alumina) and facilitate simulations, a 

parallelepiped has been introduced in the model (green part in Figure V-11). The real wedge 

geometry of the transmission piece is not considered here and this piece is supposed to be elastic 

and with a Young’s modulus very much higher than the one of the magnesia sample. 

 
Figure V-10: Simplification of the 3D wedge splitting 

test geometry by symmetry (one quarter) 

 
Figure V-11: Consideration of a transmission piece in 

the model (real geometry not considered here) 

The meshing of the whole geometry (Figure V-12a and Figure V-12b), has been realized by 

paying attention on the zone on interest, namely the face where the crack propagation is expected to 

occur. Hexahedral elements with quadratic geometric order (20 nodes per element) where chosen 
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(Figure V-12c). The mesh of the whole model (Figure V-12a and Figure V-12b together) is 

constituted of 5646 elements and 25940 nodes. 

 
-a- 

 
-b- 

 
-c- 

Figure V-12: Meshes of the magnesia sample (a) and the load transmission piece (b) composed of 
hexahedral quadratic elements (c) 

The boundary conditions of the model have been chosen so that the experimental conditions 

and the symmetry of the 3D geometry might be respected. These boundary conditions are 

represented in Figure V-13a. Concerning the load conditions (Figure V-13b), an horizontal 

displacement is imposed in the x-direction, equal to δ/2 (with δ: displacement considered in the 

experimental force-displacement curve), and the resulting horizontal force FH (in the x-direction) is 

calculated during a post-processing step from the volume average of the stress σxx in the first layer 

of elements within the transmission piece in contact (surface S) with the sample. 

 
-a- 

 
-b- 

Figure V-13: (a) Boundary conditions - (b) Load conditions (displacement imposed on the transmission piece) 
and calculation of the force during a post-processing step 
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II.2. Simulated results 

II.2.1. Values of the adjusted parameters 

Different simulations were performed in order to find the suitable model parameters 

(presented in paragraph I.2.2.1.) allowing to get a simulated force-displacement curve in agreement 

with the one obtained experimentally on pure magnesia. For two parameters, the default values 

were kept. Indeed, the coupling constant α between the damage evolutions in tension and in 

compression, and the control parameter k2 of the shape of the failure envelope for biaxial tests were 

fixed to 0.9 and 7·10-4, respectively. Thus, only four parameters had to be adjusted, namely k0 and 

γB, for tension, and k1 and γD, for compression. It must be reminded that the control of the height 

and thickness of the peaks, either in tension or in compression, is obtained by the combination of 

the two corresponding parameters (k0 and γB ; k1 and γD). The first trials have consisted in 

considering the assumed curve obtained by tensile test on magnesia (even if underestimated), 

assuming the compressive strength (σc) to be much higher than the tensile one (σt) (typically 

σt=0.06·σc) and simulating uniaxial tensile and compressive tests, as done in paragraph I.2.2.2.. 

When the parameters were considered rather satisfactory, the second step consisted in optimising 

these parameters from the simulation of a wedge splitting test, for which accurate and reproducible 

experimental results were obtained on pure magnesia. Finally, the parameters which have been 

validated are the following ones: 
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As a remark, the regularisation method (strain gradient method) was also used in these 

simulations. For that, the characteristic length was chosen to be equal to about three times the 

minimum element size (elements located where the crack is expected to occur), and also equal to 

three times the maximum aggregate size, as it is sometimes advised in literature [BAZ-89]. In the 

present case, this length corresponds to 9 mm. 

Thus, the simulated force-displacement curve, finally obtained, is shown in Figure V-14 and 

compared with the experimental one obtained on pure magnesia. It appears that the simulated curve 

exhibits a rather overestimated maximum force value compared to the experimental one, but the 
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evolutions after the peak seem to be very similar. It can be pointed out that this kind of simulations 

was rather calculation time consuming. Therefore, the parameters could not be optimised in a 

deeper way. 

 
Figure V-14: Comparison of the simulated force-displacement curve with the experimental one 

II.2.2. Visualisation of the damage anisotropy and the induced damage zone 

First of all, by considering one arbitrary moment during the previous simulation of the 

wedge splitting test (Figure V-14), for example the last moment of this simulation, it is possible to 

visualise the tensile damage in different directions (Figure V-15) and, thus, observe the tensile 

damage anisotropy induced by this mechanical test. Indeed, as expected, the main tensile damage 

occurs in the horizontal direction (1-direction). Moreover, it appears that tensile damage, with a 

lower magnitude, also occurs in the 3-direction (vertical direction), which could be attributed to the 

additional bending induced by this kind of test. As a remark, isotropic compressive damage which 

is not presented here, is very low compared to these damage levels in tension. 
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-a- 
 

-b- 

Figure V-15: (a) Orientation of the sample for the visualisation of damage; (b) Damage variables 
(D1 to D6) in the different directions at a chosen time and visualisation of the damage anisotropy 

induced by the wedge splitting test 

Furthermore, the evolutions of tensile damage in the 1-direction (main direction) and in the 3-

direction (damage also present) are shown in Figure V-16. First, as expected, the damage occurs 

just below the notch and, then, progresses along the middle surface of the sample (the surface on the 

right side). Nevertheless, this damage is not only located on this surface but also in a rather 

significant volume around it. 

 
Figure V-16: Evolution of tensile damage (D1 and D3) in the 1-direction (main damage) and 

in the 3-direction during a wedge splitting test 
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In fact, this evolution seems to be in agreement with previous experimental results (Figure V-17), 

obtained by acoustic emission [TSC-09] and tomography [HAR-10] (after stopping the test), which 

showed that the thickness of the damage zone was around 3 cm. Nonetheless, these tests were 

performed on industrial magnesia-spinel materials and not pure magnesia.  

 
-a- 

 
-b- 

Figure V-17: Estimation of process zone width by acoustic emission measurements [TSC-09] (a) and 
tomographic images [HAR-10b] (b) during a wedge splitting test on an industrial magnesia-spinel material  

Moreover, looking at the tensile strain field (Figure V-18), it seems that this larger zone 

might be induced by the macrocrack departure in the corner of the starter notch, which is sometimes 

observed experimentally. That is why, this 90° angle-corner is sometimes rounded during the 

machining procedure.  

 
Figure V-18: Evolution of the tensile strains ε11 and ε33 (positive values) in the 1-direction 

and in the 3-direction during a wedge splitting test 
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Another interesting result, obtained in Figure V-19 for the tensile stress field, is that when 

the macrocrack progresses downwards, the tensile stress field in the crack front does the same but, 

in the rear of this macrocrack (upwards), stress relaxation is observed. As a remark, since the 

stresses were overestimated due to the regularisation method used (see the end of paragraph 

I.2.2.2.), the maximum tensile stress value is, here, arbitrarily fixed to 15 MPa. 

 
Figure V-19: Evolution of the σ11 and σ33 tensile stresses (positive values) in the 1-direction 

and in the 3-direction during a wedge splitting test 

These numerical observations are currently being compared with Digital Image Correlation 

results obtained from experimental wedge splitting tests on pure magnesia and magnesia-spinel 

composites [BEL-11]. 

III. Simulation of the thermo-mechanical behaviour of the magnesia-spinel composites 

After having proposed suitable model parameters for the magnesia matrix through the 

simulation of a wedge splitting test, and illustrated the necessity of using this anisotropic model, the 

present paragraph goes back to the main subject which is the study of the thermo-mechanical 

behaviour of the magnesia-spinel composites. In the next paragraphs, only simulated results 

obtained with a 5%-composite will be presented.  

The mesh of this composite, presented in Figure V-20, is composed of quadratic tetrahedron 

elements (10 nodes per element). As a remark, in the special case presented in Figure V-20 (finest 
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mesh used), 19002 periodic relations, between each couple of opposite nodes around the cell, are 

generated. The considered parameters of the anisotropic damage model are those previously 

obtained by wedge splitting test. The characteristic length introduced in the regularisation method 

has been changed depending on the element size. 

 
-a- 

 
-b- 

 
-c- 

Figure V-20: Meshes of the magnesia-spinel composites (a), the magnesia matrix (b) and the inclusions (c) 

III.1. Simulation of the cooling stage of the process 

The simulation of the thermal damage phenomenon during the cooling step requires an 

initial temperature at which the composite can be considered as stress-free. According to the 

experimental results obtained in Chapter IV, the beginning of the microcracks opening starts at 

around 950°C when cooled down. Therefore, the initial temperature has been chosen to be 1000°C. 

Then, the cooling procedure consists in imposing a uniform decreasing temperature on the whole 

composite. Since the experimental elastic properties (Young’s modulus and Poisson’s ratio) of the 

single constituents do not change significantly from room temperature to 1000°C (see Chapter IV), 

they have been considered in simulations as constant and their values are given in Table V-1. 

Moreover, according to Chapter IV (Figure IV-6), the thermal expansion coefficients of the two 

constituents are not constant since they increase with increasing temperature. Nevertheless, the 

thermal expansion evolutions were supposed to be linear (see the constant CTE values in Table 

V-1) since the temperature decrease, finally imposed, was rather small (ΔTmax≈-180°C) due to 

numerical difficulties (calculation resources, mesh fineness and knowledge of the characteristic 

length). This non-linearity should be taken into account in further works. 

 Young’s modulus (GPa) Poisson’s ratio Thermal expansion coefficient (K-1) 
Magnesia matrix 110 0.17 15·10-6 
Spinel inclusion 210 0.24 9·10-6 

Table V-1: Thermo-elastic properties of the two constituents of the magnesia-spinel composites assumed as 
constant in the considered temperature ranges 
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Furthermore, in order to simulate the cooling stage of the process, an important problem had 

to be solved. Indeed, the damage model chosen for the study, and assigned to the magnesia matrix, 

does not support temperature dependency. Therefore, it was not possible to associate a thermal 

expansion behaviour to the matrix (α=15·10-6 K-1). The retained solution was to assign to the elastic 

spinel inclusions not the real thermal expansion coefficient of spinel (α=9·10-6 K-1) but a coefficient 

equal to the difference between the coefficients of the two constituents (α=-6·10-6 K-1). Thus, the 

results of thermal expansion of the composite presented below are obtained after post-treatment of 

the simulated results by taking into account the thermal expansion coefficient of the matrix. 

III.1.1. Visualisation of local radial microcracking 

The simulated results, namely stresses, strains and damage, which have been obtained at the 

end of the considered cooling steps, are presented in Figure V-21 and Figure V-23. Only the results 

obtained in the magnesia matrix (see the mesh in Figure V-20b) are displayed in order to better 

visualise the phenomena occurring around the inclusion/matrix interfaces.  

Since damage is supposed to be mainly caused by tension (Figure V-22a and b), only the 

tensile strains and stresses, in the three Cartesian directions, are shown in Figure V-21. This figure 

shows, first, that the maximum tensile stresses are located near the inclusion/matrix interfaces, and 

that they are circumferential (see the arrows), as it could be expected according to Figure V-22a. 

The simulated results obtained for the damage variables D1 to D7 are presented in Figure 

V-23. Firstly, as expected, no compressive damage (D7) seems to be present whereas 

circumferential tensile damage is observed close to the inclusion/matrix interfaces (according to D1, 

D2 and D3). Therefore, as experimentally expected, during cooling, the circumferential stresses 

around the inclusions, due to thermal expansion mismatch between the two phases, entail 

circumferential tensile damage, or, in other words, radial microcracking. Thus, this specific 

anisotropic damage model allows to depict well the local damage induced by the anisotropic 

stresses. 
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Figure V-21: Visualisation of the anisotropic tensile strains and stresses induced by 

thermal expansion mismatch during cooling within the magnesia matrix  

 
-a- 
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-b- 

Figure V-22: Reminder of the particular theoretical case during cooling (a) supposed to depict the 
microstructure of the magnesia-spinel composites (b) 

 
Figure V-23: Visualisation of the anisotropic tensile damage, and isotropic compressive 

damage, induced by thermal expansion mismatch during cooling within the magnesia matrix 
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III.1.2. Influence of thermal micro damage on the macro thermal expansion and damage 

of the composite 

After having observed, and validated, in the previous paragraph, the anisotropic character of 

the thermal micro damage within the microstructure, the influence of this damage on the macro 

behaviour of the composite, by homogenisation, is studied. As already mentioned at the beginning 

of paragraph III.1., numerical difficulties (calculation resources, mesh fineness and knowledge of 

the characteristic length) have only made it possible to simulate small decreases in temperature, the 

calculations time being, all the same, more than one week. The results of the two different 

simulations, called Simulation 1 and Simulation 2, are presented here (see simulation parameters in 

Table V-2). A higher imposed temperature decrease has been possible with Simulation 2, which 

might come from the finer considered mesh and a higher characteristic length in term of number of 

elements (normally several elements). In fact, in order to further increase the characteristic 

length/element size ratio, the mesh should have been finer again, which was, unfortunately, not 

possible here since the required RAM becomes higher than the available one (48GB).  

 
Number of quadratic 
tetragonal elements 

Number 
of periodic 
relations 

Numerical 
characteristic 

length 

Temperature 
decrease ΔT 

(°C) Matrix Inclusions Total 
Simulation 1 10757 1288 12045 9708 ~1 element -90 
Simulation 2 28108 3094 31202 19002 ~2 elements -180 

Table V-2: Presentation of parameters for the two different simulations presented here for 
the cooling stage of a 5%-magnesia-spinel composite 

As a remark, the simulated results have been obtained by non-linear quasi-static simulations 

which require to introduce a time dependency when defining the load conditions. But, this time is 

arbitrary and has no influence on the results. It is, here, only used to impose a decreasing uniform 

temperature field: at one specific time corresponds one specific temperature. Therefore, the time 

dependency of the following effective parameters has no physical meaning but is needed for the 

calculations. 

Thus, effective macro damage parameters have been determined by calculating the volume 

average of each damage variable (D1 to D7), throughout the cooling step, as follows: 

       dVtDtDtD iii  


1~
 Eq. V-1 
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where iD
~

 and iD  are the homogenised macro damage parameter and the local simulated damage 

variable, respectively. 

The evolutions of both the macro tensile damage parameters ( 1

~
D  to 6

~
D ) and the macro 

compressive damage parameter ( 7

~
D ) versus temperature, obtained with the two different 

simulations, are shown in Figure V-24a. First, it can be pointed out that the results obtained from 

Simulation 1 and Simulation 2 are very close. It is observed that the evolutions of the macro 

damage parameters 4

~
D , 5

~
D  and 6

~
D  (linked to the shear stresses), as well as the macro compressive 

damage parameter 7

~
D , are very small compared to those of the macro tensile damage parameters 

1

~
D , 2

~
D  and 3

~
D . Moreover, it appears that this increasing evolution of tensile damage is rather close 

to the beginning of the cumulative hits evolution versus temperature experimentally obtained by 

acoustic emission (Figure V-24b). Otherwise, the evolutions of these three parameters versus 

temperature could also be compared, in future, with the evolution of the thermal damage parameter 

Dth (introduced in Chapter IV but only at room temperature) versus temperature. 

-a-  
-b- 

Figure V-24: (a) Evolutions of the macro damage parameters in dependence of temperature during 
the simulated cooling step and (b) high temperature acoustic emission result (cf. Chapter IV), for a 

5% magnesia-spinel composite 

The influence of the thermal micro damage on the macro thermal expansion evolution of the 

composite can also be studied. First, since the Face Centred Cubic (F.C.C.) arrangement is isotropic 

in thermal expansion, the study of thermal expansion is needed in only one of the three directions. 

Moreover, given that here no external mechanical constraints are present during cooling (free 

motion), and the periodic conditions make the opposite faces deform in the same way, the effective 

thermal strain th~  can be deduced from the normal displacement variation L
~  between two 

opposite nodes:  
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Eq. V-2 

where L0 is the initial length of the cubic cell. 

Thus, the effective thermal expansion coefficient can be deduced: 

    
 tTL

tL
t





0

~
~  Eq. V-3 

where ΔT is the imposed temperature difference (negative value for a cooling step). 

The evolutions of the effective thermal strain and thermal expansion coefficient versus 

temperature, obtained with the two different simulations, are presented in Figure V-25a and Figure 

V-25b, respectively.  

First, since the thermal expansion coefficients of the two phases are supposed to be constant 

in simulations (Table V-1), the thermal expansion coefficient obtained from the HS model is, here, 

constant (Figure V-25b) and the corresponding thermal expansion evolution is linear (Figure 

V-25a). According to this figure, the results obtained from Simulation 1 and Simulation 2 appear 

very close to each other until the end of Simulation 1 and, as expected (see Chapter III), are very 

near to the HS model at the beginning of cooling, when no damage has occurred. During further 

cooling (Simulation 2), it appears that the thermal expansion evolution of the composite (Figure 

V-25a) does not follow the HS model anymore in reason of damage occurrence, inducing a decrease 

of the thermal expansion coefficient (Figure V-25b). These lower CTE values compared to the 

hypothetical undamaged evolution (HS model) are in very good agreement with the previous 

experimental observations (Figure IV-7). 
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-a- 
 

-b- 

Figure V-25: Thermal expansion evolution (a) and associated evolution of the thermal expansion 
coefficient in dependence of temperature (b) during the cooling step; Comparison between the 

simulated result and the lower bound of the HS model 

III.2. Simulation of a tensile test after the cooling step 

As already mentioned, the whole cooling process, down to room temperature, could not be 

simulated. Therefore, the tensile test, simulated after a rather small temperature decrease, cannot be 

compared with the experimental one performed at room temperature. Nonetheless, the global 

influence of thermal micro damage, induced by the spinel inclusions addition, can be studied.  

Moreover, the simulation of a tensile test after Simulation 2 (ΔT ≈ -180°C) was not possible, 

the composite being probably too thermally damaged. Thus, the simulated tensile test is here 

obtained after the cooling step of Simulation 1 (ΔT ≈ -90°C). 

The tensile test is simulated in only one of the three Cartesian directions since the R.V.E. is 

supposed to be still quasi-isotropic at the end of the cooling step. Indeed, the R.V.E. is quasi-

isotropic before cooling (see Chapter III), and, during cooling, the macro thermal damage is quasi-

isotropic since 321

~~~
DDD   and 654

~~~
DDD   (see Figure V-24a). Thus, the simulations of tensile 

tests in the two other directions would provide the same result. 

III.2.1. Visualisation of damage evolution in the microstructure 

The simulated tensile and compressive damages, obtained by simulating a mechanical 

tensile test in the 2-direction (arbitrary direction), are shown in Figure V-26 at one moment during 

the test. This figure can be compared with Figure V-23 which corresponds to the results at the end 

of the cooling step, and, consequently, to the beginning of the tensile test. As expected, during this 

test, the tensile damages in the 1-direction (D1) and in the 3-direction (D3) change only in a small 
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extent, remaining nearly the same as those at the end of cooling (Figure V-23), whereas the tensile 

damage in the 2-direction increases significantly, the higher damage being still near the inclusion-

matrix interfaces. Moreover, contrary to Figure V-23, some damage is observed for D4 (shear in the 

1-2 plane) and D6 (shear in the 2-3 plane) which comes from the high damage in the 2-direction. In 

addition, there is still quasi no compressive damage (D7). 

 
Figure V-26: Visualisation of tensile and compressive damages within the magnesia matrix 

during a tensile test in the 2-direction 

III.2.2. Influence of the micro damage evolution on the macro-mechanical stress-strain 

behaviour in tension 

Similarly to the paragraph III.1.2., effective macro damage, stress and strain are here 

determined by homogenisation. Furthermore, the reader has to be aware that the time t, considered 

here, starts at the beginning of the cooling stage and not at the beginning of the mechanical test. 

Since the main objective is to obtain the macro stress-strain behaviour from the simulation 

of a tensile test in the 2-direction, the effective stress and strain tensors are here not totally 

determined, as it was done in Chapter III. Indeed, only the effective stress 
22

~  and strain 
22

~  are, 

here, calculated. Thus, in order to begin the macro stress-strain curve at 0~
22  , the macro strain 

resulting from cooling must be subtracted. Finally, it comes: 

     dVtt tensionduring 
 2222

1~   Eq. V-4 
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and: 

    
CL

Ctu
t tensionduring 




0

2
22

~
~  Eq. V-5 

where  tu2
~  is the macro displacement variation in the 2-direction since the beginning of cooling 

and during the tensile test, and C is a constant corresponding to the initial macro displacement 

variation resulting from the cooling step. 

The evolution of the macro stress-strain curve of the 5%-composite, calculated in this way, 

is shown in Figure V-27 in comparison with those initially assigned to the single constituents, 

namely the spinel inclusions and the magnesia matrix. The most remarkable result is that the 

introduction of spinel inclusions within a single magnesia material has allowed to increase the non-

linearity of the mechanical behaviour in tension, as it was experimentally observed in Chapter IV. 

As a remark, without considering a preliminary cooling step involving thermal damage, 

theoretically, the introduction of stiff inclusions within a softer matrix would have finally provide, 

for the composite, a stress-strain curve above that one of the matrix and with an initial slope 

(Young’s modulus) higher than that one of the matrix. This justifies the necessity of taking this 

preliminary cooling step into account. Moreover, the tensile strength is also significantly reduced. 

 
Figure V-27: Macro stress-strain behaviour of the magnesia-spinel composite in comparison with 

those initially assigned to the single constituents 

Now, by focusing only on the mechanical behaviour of the magnesia-spinel composite, 

loading-unloading steps, experimentally performed, were also taken into account in the simulations. 

The evolutions of the macro stress and local damage, and the macro damage parameters in 

dependence of the macro strain are presented in Figure V-28a and Figure V-28b, respectively. 
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-a- 
 

-b- 

Figure V-28: Evolutions of the macro stress, and local damage, (a) and the macro damage parameters (b) in 
dependence of the macro strain after two loading/unloading steps 

According to Figure V-28a, an interesting result is that residual strain is observed when 

unloading, which is not initially included in the damage model used for the matrix and which here 

comes from the previous cooling stage. This residual strain is also observed on the experimental 

stress-strain curves of the composites. Moreover, as expected, the slope (Young’s modulus) of the 

curve is lower for the second unloading step than for the first one (due to damage). In Figure V-28a, 

the local tensile damage evolution in the 2-direction is also exhibited. Before loading, tensile 

damage is already present within the composite due to the preliminary cooling step. Then, when 

loading, tensile damage in the 2-direction increases progressively in the whole volume, with a much 

higher value around the inclusions. More precisely, the main tensile damage in the matrix seems to 

be located in the equatorial plane of the inclusions. Furthermore, as expected, according to Figure 

V-28a, the unloading steps do not entail additional damage within the microstructure. 

In Figure V-28b, damage at macro-scale is obtained by calculating macro damage 

parameters in the same way as done during the cooling stage (Eq. V-1). The initial level of macro 

tensile damage before loading under tension (end of cooling) is the same in the three Cartesian 

directions: 321

~~~
DDD  . Then, the simulation of a tensile test in the 2-direction obviously increases 

the tensile damage ( 2

~
D ) in this direction. As a remark, macro tensile damage in the 1- and 3-

directions ( 1

~
D  and 3

~
D ) remains quasi-constant (very low increase) during the mechanical test while 

the other macro damage parameters ( 4

~
D , 5

~
D , 6

~
D  and 7

~
D ) remain close to zero. In addition, as locally 

observed in Figure V-28a, the unloading steps do not cause additional macro damage within the 

microstructure. 
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IV. Conclusion 

After having experimentally studied, in Chapter IV, the thermal damage occurrence in 

magnesia-spinel composites during cooling and its influence on the non-linearity of the macro 

mechanical behaviour of such materials, this chapter aimed at providing complementary numerical 

results for a better understanding, and prediction, of the microstructure/property relations, and, of 

course, validating some of the previous hypotheses regarding the experimental results. 

The first part of this chapter has consisted in proposing an anisotropic damage model able to 

simulate the expected radial microcracking in the magnesia matrix. The potential of this damage 

model was shown and, afterwards, the adjustment of its parameters for the matrix has been done, 

through the simulation of a wedge splitting test on a pure magnesia sample. 

The second part of this chapter has been focused on the thermo-mechanical behaviour of the 

magnesia-spinel composites. The design of quasi-isotropic periodic Representative Volume 

Element for these composites and the use of the anisotropic damage model have allowed to simulate 

the radial matrix microcracking around the spinel inclusions during the cooling stage of the process, 

but, up to now, only for a rather small decrease in temperature. Nevertheless, the obtained global 

evolutions of the macro tensile damage parameters versus temperature (at the beginning of cooling) 

were in good agreement with the experimental high temperature acoustic emission results, and so 

did the effective thermal expansion evolution of the composite with the experimental thermal 

expansion results. 

Then, the simulation of a subsequent tensile test, after this cooling step, has allowed to 

determine the macro stress-strain behaviour of the magnesia-spinel composite. As experimentally 

observed, this simulated curve exhibited, compared to the one of the magnesia matrix, a lower 

stiffness (initial slope), a higher non-linearity and a residual strain when unloading. 

Concerning the perspectives of this numerical work, some further efforts should be made to 

better understand the impact of the characteristic length, introduced in the regularisation method, 

and its relation with the element size of the mesh, in order to find the best way of estimating it. 

Then, some solutions should be found to simulate the whole cooling stage of the process down to 

room temperature. By doing that, the simulated macro stress-strain curve could be compared to the 

experimental one already obtained. Moreover, the evolution of the macro tensile damage parameters 

during cooling and during a subsequent tensile test should be compared to the evolutions of the 
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experimental thermal Dth and mechanical Dth+mec parameters, previously introduced. Finally, it 

might be interesting to consider non-spherical inclusions in the model but the anisotropy of the cell 

may be, then, increased. Thus, new quasi-isotropic R.V.E. would have to be found, involving 

probably more inclusions and, therefore, more calculation resources. 
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Conclusion and perspectives 

In addition to their high temperature sustainability, refractory materials, if chosen for the 

right application, can also exhibit high resistance against both corrosion, multi-axial mechanical 

loads and severe thermal shocks. The high local thermal stresses induced by thermal shocks can be 

catastrophic for some installations even if the other required properties are met. The ability to 

sustain severe thermal shocks is known to be related to the local crack growth resistance 

mechanisms within the microstructure of such materials, as well as the non-linearity of their stress-

strain law. Nevertheless, although experiments by trial and error have provided, over the last 

decades, a significant industrial knowledge in this field, the way of improving the thermal shock 

resistance of refractories remains today not fully understood and predictable.  

The present thesis aimed at investigating the relationships which exist between the 

microstructure of refractories and their thermomechanical properties, and especially, at building a 

better understanding of the microstructural key-points allowing to develop non-linear mechanical 

behaviour. 

From the grain size distribution of industrial magnesia-spinel materials, used in cement 

rotary kilns, simpler two-phase materials composed of a magnesia matrix and spinel inclusions were 

elaborated with different spinel contents. The thermal expansion mismatch between spinel and 

magnesia induces, during cooling, matrix microcracking around the spinel inclusions. 

The experimental part allowed, in a first step, to clarify and quantify the thermal damage 

occurrence during the cooling stage within these magnesia-spinel composites in relation with their 

spinel inclusions content. In a second step, the fracture behaviour of these materials was 

investigated at room temperature by two destructive mechanical tests, namely tensile and wedge 

splitting tests. On composites these two techniques both revealed non-linear mechanical behaviours 

in tension, high strain-to-rupture values compared to the pure magnesia material and significant 

post-peak regions. Moreover, during tensile tests, residual strain was observed when unloading. 

Additionally, the spinel content range, inducing different thermal damage levels, allowed to 

investigate, in a deeper way, the influence of thermal damage on the fracture behaviour. Indeed, the 

increase of thermal damage, due to a higher content of spinel inclusions, increases the non-linearity 

of the mechanical behaviour in tension. Furthermore, it decreases the tensile strength and the 

brittleness, and increases the fracture energy, as well as the thermal shock resistance parameters. A 
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complementary correlation analysis allowed to quantify the correlation degree between the most 

relevant parameters and, also, to quantify the thermal damage influence on the mechanical 

parameters and, more specifically, on thermal shock damage resistance. 

The numerical part focused on the whole transition from thermal damage to the non-linear 

mechanical behaviour of magnesia-spinel materials. More precisely, the main objective was to build 

a consistent 3D-model able to depict the microcracks occurrence in these magnesia-spinel materials 

during a uniform temperature decrease from high temperature (stress-free state) to room 

temperature and able to provide, after this cooling step, a macroscopic non-linear mechanical 

behaviour.  

Since the numerical introduction of damage is known to highly increase the calculation time, 

the first step of this numerical part consisted in combining Finite Element Periodic Homogenisation 

(F.E.P.H.) with simple, but quasi-isotropic, Representative Volume Elements (R.V.E), with a small 

number of inclusions. The choices of periodic Face-Centred Cubic (F.C.C.) and Hexagonal Closed-

Packed (H.C.P.) arrangements were validated by considering only non-thermally damaged materials 

(glass/alumina and glass/pores composites).  

The second step consisted in using these quasi-isotropic periodic arrangements with 

magnesia-spinel composites and adding possible damage in the matrix, the spinel inclusions 

remaining elastic. To do that, an anisotropic damage model, able to simulate the expected radial 

microcracking in the magnesia matrix, was proposed. The advantage of using this anisotropic model 

for the magnesia matrix was illustrated by simulating a wedge splitting test on pure magnesia. Then, 

the model parameters were adjusted from experimental wedge splitting test results performed on a 

pure magnesia material. After its parameterisation, this anisotropic damage model was introduced in 

the matrix of the modelled two-phase periodic composites. Thus, the simulation of a cooling step 

from 1000°C (only a rather small temperature decrease up to now), allowed to observe, locally, 

radial matrix microcracking around the spinel inclusions. At macroscopic scale, the global 

evolutions of effective tensile damage, and effective thermal expansion, versus temperature were in 

good agreement with the previous experimental results. Finally, by simulating a subsequent tensile 

test after this cooling step, the macro stress-strain behaviour of the considered magnesia-spinel 

composite could be obtained. From this result it was concluded, as experimentally observed, that 

the spinel inclusions addition within the magnesia matrix allowed to increase the non-linearity of 

the mechanical behaviour, decrease both the stiffness and the tensile strength, and induce residual 

strain when unloading. 
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The perspectives of this work could be numerous. First, concerning the experimental part, 

the use of Digital Image Correlation (D.I.C.) coupled with a mechanical test seems to be an 

interesting route to investigate the local toughening mechanisms, such as microcracking, crack 

branching and aggregate bridging, which entail non-linear fracture. These D.I.C. images could also 

be compared with simulated wedge splitting test results obtained on magnesia and magnesia-spinel 

composites. 

Concerning the numerical part, some further efforts should be made to better understand the 

impact of the characteristic length, introduced in the regularisation method, and its relation with the 

element size of the mesh, in order to find the best way of estimating it. Then, some solutions should 

be found to simulate the whole cooling stage of the process down to room temperature. By doing 

that, the simulated macro stress-strain curve could be compared to the experimental one already 

obtained. Moreover, several inclusions contents should be considered in the numerical model, as 

experimentally done. Otherwise, the evolution of the macro tensile damage parameters during 

cooling and during a subsequent tensile test should be compared to the evolutions of the 

experimental thermal Dth and mechanical Dth+mec parameters, previously introduced. Finally, it 

might be interesting to consider non-spherical inclusions in the model but the anisotropy of the cell 

may be, then, increased. Thus, new quasi-isotropic R.V.E. would have to be found, involving 

probably more inclusions and, therefore, more calculation resources. 
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Abstract : 
 
The present thesis aimed at investigating the relationships which exist between the microstructure of 
refractories and their thermomechanical properties, and especially, better understanding the microstructure 
key-points allowing to develop a non-linear mechanical behaviour. From the grain size distribution of 
industrial magnesia-spinel materials, used in cement rotary kilns for their thermal shock resistance, simpler 
two-phase materials, composed of a magnesia matrix and spinel inclusions, were elaborated with different 
spinel contents. The thermal expansion mismatch between spinel and magnesia induces, during cooling, 
matrix microcracking around the spinel inclusions. The experimental part allowed to clarify, and quantify, 
the thermal damage occurrence during the cooling stage within these magnesia-spinel composites, in relation 
with their spinel inclusions content. Then, the influence of this thermal damage on the non-linearity of the 
mechanical behaviour of these composites was studied. The main objective of the numerical part was to 
build a consistent 3D FEM model able to well depict the microcracks occurence within these magnesia-
spinel materials during a uniform temperature decrease beginning at high temperature (stress-free state) and 
able to provide, after this cooling step, a macroscopic non-linear mechanical behaviour. The design of 
simple, but quasi-isotropic, Representative Volume Elements (R.V.E) by periodic homogenisation, and the 
use of an anisotropic damage model, with a regularisation method, have allowed to simulate, locally, the 
matrix microcracking around the inclusions during cooling, and the damage growth in the volume during a 
subsequent tensile test. Moreover, the global evolutions of homogenised simulated parameters, during both 
the cooling stage and the tensile test, were in good agreement with previous macro-scaled experiments 
results. 

Keywords : Refractories, thermal shock resistance, mechanical behaviour, magnesia-spinel materials, 
thermal expansion mismatch, microcracks, homogenisation methods, FEM damage model. 

 
Résumé : 
 
Cette thèse avait pour objectif d’étudier les relations existant entre la microstructure de matériaux réfractaires 
et leurs propriétés thermomécaniques, et, en particulier, à mieux comprendre les paramètres microstructuraux 
clés permettant de développer un comportement mécanique non-linéaire. A partir de la distribution 
granulométrique de matériaux magnésie-spinelle industriels, utilisés dans les fours rotatifs de cimenterie 
pour leur résistance aux chocs thermiques, des matériaux biphasés simplifiés, constitués d’une matrice de 
magnésie et d’inclusions de spinelle, ont été élaborées en intégrant différentes teneurs en inclusions. Le 
différentiel de dilatation thermique entre le spinelle et la magnésie induit, pendant le refroidissement, de la 
microfissuration matricielle autour des inclusions de spinelle. La partie expérimentale de cette étude a permis 
de clarifier, et de quantifier, le développement de l’endommagement thermique au sein de ces composites 
magnésie-spinelle durant l’étape de refroidissement, en relation avec leur teneur en inclusions de spinelle. 
L’influence de cet endommagement thermique sur la non-linéarité du comportement mécanique de ces 
composites a, ensuite, été étudiée. L’objectif principal de la partie numérique était de construire un modèle 
3D, par méthode éléments finis, capable de décrire la microfissuration au sein de ces matériaux magnésie-
spinelle pendant l’étape de refroidissement post-frittage (haute température = état de contraintes nulles), et 
pouvant entraîner, après cette étape, un comportement mécanique macroscopique non-linéaire. La 
conception de Volumes Elémentaires Représentatifs (V.E.R.) simples, mais quasi-isotropes, associée à 
l’utilisation d’une méthode d’homogénéisation périodique, et à la mise en œuvre d’un modèle 
d’endommagement anisotrope, ont permis de simuler localement la microfissuration matricielle autour des 
inclusions pendant le refroidissement, ainsi que la croissance de l’endommagement au sein du volume 
pendant l’essai de traction. Ainsi, les évolutions globales de paramètres simulés homogénéisés, aussi bien 
pendant le refroidissement que pendant l’essai de traction, se sont avérées être en bon accord avec des 
résultats expérimentaux obtenus à l’échelle macroscopique. 

Mots clés : Réfractaires, résistance aux chocs thermiques, comportement mécanique, matériaux magnésie-
spinelle, différentiel de dilatation thermique, microfissures, méthodes d’homogénéisation, modèle numérique 
d’endommagement. 


