UNIVERSITE DE LIMOGES

ED S2I : SCIENCES ET INGENIERIE POUR L'INFORMATION

FACULTE DES SCIENCES ET TECHNIQUES
Année : 2011 Theése N 68-2011

THESE
pour obtenir le grade de
DOCTEUR DE D’UNIVERSITE DE LIMOGES
Disipline : Electronique des Hautes Fréquences, Photonique et Systémes

Spécialité : Télécommunications

présentée et soutenue par

HAMID MEGHDADI

Le 6 décembre 2011

Formation de faisceaux coopératifs pour
transmissions multiutilisateurs par relais

Theése dirigée par :

Jean-Pierre Cances
Vahid Meghdadi

Jury:

M. Jean-Frangois DIOURIS  Président Professeur a Polytech Nantes

Mme. Maryline HELARD Rapporteur Professeur & INSA Rennes

M. Benoit GELLER Rapporteur Maitre de conférences HDR d’ENSTA Paris

M. Jean-Pierre CANCES Examinateur Professeur a 'ENSIL
M. Vahid MEGHDADI Examinateur Maitre de conférences HDR a 'ENSIL






In the loving memory of my brother

Majid Meghdadi
1969-2003






Acknowledgments

It gives me immense pleasure to acknowledge and extend my heartfelt gratitude to my
family, friends, colleagues, and all those without the help of whom this dissertation could
not have been possible.

I would like to express my sincerest thanks and gratitudes to Mr. Vahid Meghdadi who
has been a reliable friend, a patient professor, a loving brother, and much more to me. I
could not have been where I am today if it was not for his invaluable help, support, and
compassion.

I would like also to specially thank my supervisor, Mr. Jean-Pierre Cances, for his help,
encouragement, patience and inspiration.

I would be a remiss if I did not thank all of my colleagues at ENSIL who shared the
past few years of my life. T think especially of Mr. Amir Minayi for his valuable help and
assistance and Mr. Sina Torkestani for the understanding and support he extended.

I want also to thank my colleagues of the Faculty of Science and IUT, who helped me
at the beginning of my teaching experiences. In particular I would like to thank Mr. Réda
Guédira, Mr. Guillaume Neveux, and Ms. Claire Darraud.

I would like also to thank my dear friends whose pleasant company supported me during
the past few years.

Last but not least I must extend my deepest thanks to my family who helped, supported,

and inspired me during my Ph.D thesis.

Hamid Meghdadi






Table of Contents

1 Introduction 17
1.1 Cooperative communications . . . . . . . . . . . . . 22
1.1.1  Cooperative strategies . . . . . . . .. .. ... 24

1.1.2 Combination techniques . . . . . . ... ... .. .. ... ...... 25

1.2 Precoding in multiuser networks . . . . . . . . ... o000 27
1.2.1  Multiple relaying schemes . . . . . . . .. .. ... ... .. ... 28

1.2.2  Precoding inrelays . . . . . . . . ... Lo 31

1.2.3 Precoding in the literature . . . . . . . .. ... 0oL 34

1.3 Organization of the dissertation . . . . . . . . .. .. ... ... ... ..., 36

2 Mathematical Optimization 37
2.1 Mathematical model to optimize . . . . . . . . .. ... 0oL 40
2.1.1 Canceling interferences . . . . . . . . . ... oo 41

2.1.2  Coherent addition . . . . . . .. ... 44

2.1.3 Power constraint . . . . . .. ... L L 46

2.1.4  Objective function and problem formulation . . . . .. .. .. .. .. 47

2.2 Lagrange multipliers method for matrices and vectors . . . . . . . .. .. .. 49
2.2.1 Background calculus prerequisites . . . . . .. .. ... 50

2.2.2 Examples . . . . ... e 52



8 TABLE OF CONTENTS

2.2.3 General formulation . . ... ... 0o L oo 56

2.3 Optimizing the performance of proposed system . . . . ... ... ... ... o7
2.3.1 Forming the equations . . . . . .. ... ... L o000 o7
2.3.2  Solving the system and simulation results . . . . . . .. ... .. ... 61

24 Conclusion . . . . . .. L 62
3 Calculating Precoding Vectors Using Pseudo Inverse 63
3.1 Systemmodel . . . ... 65
3.2 Calculation of precoding vectors . . . . . . . .. ..o oL 68
3.2.1 Case I: Complete CSI for all relays . . . .. .. ... ... ... ... 69
3.2.2  Case II: Independent relays . . . . . .. .. ... ... ... ..... 70

3.3 System performance . . . . .. .. 71
3.3.1 Analytic calculation of the diversity order for N =2. .. .. ... .. 71
3.3.2 Disscussing the diversity of the system . . . .. ... ... ... ... 77
3.3.3 SEP semi-analytic calculation for arbitrary N . . . . .. .. .. ... 78

3.4 Simulation Results . . . . . .. .. Lo 89
3.5 Conclusion . . . . . . .. L 95

4 Precoding Algorithms Using Gram-Schmidt Orthonormalization Process 97

4.1

4.2
4.3
4.4

System model and precoding vectors . . . . . . .. ... 99
4.1.1 System model . . . . ... 100
4.1.2 Precoding vectors for simplified system . . . . . .. ... .. .. ... 102
4.1.3 Precoding vectors for arbitrary number of relays and mobiles . . . . . 104
Diversity order study . . . . . . . . ..o L 107
Power Allocation optimization . . . . . . . . .. .. .. ... 112

Theoretical SER performance evaluation . . . . .. ... ... ... ..... 116



4.4.1 Uniform power allocation . . . . . . .. ... ... ... ........
4.4.2  Optimal power allocation . . . . . .. .. ... ... ... ..
4.4.3 Non-uniform power allocation . . . . . ... .. ... ... ......
4.5 Simulation Results . . . . .. .. o0 o oo

4.6 Conclusion . . . . . . .

5 Beamforming Technique Using Second Order Statistics
5.1 System model . . . . . . .
5.2 Mathematical optimization . . . . . . . . ... ... L
5.2.1 SNR Optimization under total power constraints . . . . . . . . . . ..
5.2.2  SINR Optimization under individual relay power constraint . . . . . .
5.3 The ZF solution when perfect CSI is available . . . . .. ... ... ... ..
5.4 Simulation results . . . . . ...
5.4.1 Optimization under total power constraint . . . . . .. .. ... ...
5.4.2 Optimization under individual relay power constraint . . . . . . . ..

5.5 Conclusion . . . . . . .,

6 General conclusions

116
118
120
124
129

133
134
139
140
148
155
160
160
163
168

169






List of Figures

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2.1

3.1

Internet speed evolution in bits per seconds over the time. The dots in the

diagram show the internet speed measured by Nielsen since 1984. . . . . . .
Average mobile use per subscriber per month in North America. . . . . . . .

The evolution of mobile subscriptions in the world from 2001 to 2009 accord-

ing to the World Bank. . . . . . . .. ... .. o000
System model . . . . . ...
Performance of different cooperative strategies and combination techniques .
System model for a multiple relaying scheme . . . . . . . ... ... ... ..

Simulation results for a distributed multi relay AF scheme without a direct

link (fo =0) and three relays . . . . .. .. ... ... oL,

System model and its equivalent electrical circuit for a given cooperative

Network . . .

A multi-user multi-relay network. The thick lines represent the links with

ANNOLAIONS . . .« . v v o e e e e e s,

System model . . . . . . .. e

System model . . . ..o Lo

20



12 LIST OF FIGURES

3.2

3.3

3.4

3.5

3.6

3.7

3.8

3.9

3.10

4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

The theoretical value of the pdf of SNR for the case N=2, RL=10 based on

equation given in (3.34) . . . . ..o 89

The theoretical value of the pdf of SNR for the case N=2, RL=10 in loga-

rithmic scale . . . . . . . 90

Comparison between the Nakagami mixture approximation and the Monte-

Carlo simulated values of SNR . . . . . . . .. ... .. ... 000 91
Comparison between the Nakagami mixture approximation and the Monte-
Carlo simulated values of SNR on logarithmic scale . . . . . .. ... .. .. 92
System performance (L = 2, N = 2, and R = 3) for i) when CSI is known
to both relays and ii) when each relay only has its own relative CSI . . . . . 92
System performance when the CSI is known to all relays for 3 mobile stations
(RL = 3) and 4, 5, 6, and 8 single-antenna relay station (RL =4,5,6,8) . . 93
System performance for two independent 4-antenna relay stations with dif-
ferent mobile station numbers . . . .. ..o oL Lo o oo L 94

System performance for different number of relay stations (independent relays) 94

The correlation between the system architecture and the diversity gain . . . 95
System model . . . . ... 100
System model for two relays and two mobiles . . . . . .. ... ... .. ... 102
The projection of v onto the vectoru . . . . . . .. .. ... .. ... 105
probability distribution function (pdf) of \f, for R=10and N =5 . . . . . 111
pdf of Az, for R=10and N =5 . ... .. ... ... ... ........ 111
pdfof po for R=10, N=5,and L=5 . . . .. .. .. ... .. .. ..... 112
pdfof o for L=2, N=3,and R=8. . .. .. .. .. ... ... ...... 119

pdf of Sy for L=2, N=3,and R=8. . . . . oo, 119



13

4.9

4.10

4.11

4.12

5.1
5.2

5.3

0.4

5.5
2.6

5.7

5.8

6.1

Symbol error rate for a cooperative communication system with N = 2

R=2L=2andi=1(MS;) .. ... ... ... ... ... 126
Symbol error rate for a cooperative communication system with N = 2,
R=2L=2andi=2(MSs) . . ... . .. . 126
Symbol error rate for a cooperative communication system with N = 4,
R=5,L=6and =1 (1st mobile station) . . . ... ... ... ...... 127
Symbol error rate for a cooperative communication system with N = 4,
R =5, L =6 and ¢ =3 (3rd mobile station) . . ... ... ... ... ... . 128
System model for the multi-relay multi user scheme . . . . . . .. .. .. .. 135

Outage Probability as a function of transmitted power (dB), Target SINR =
10dB . . e 161
Sum of the transmitted power at relays as a function of source Power (dB),
Target SINR =10dB . . . . . ... . o 162
Relay power v.s. number of relays R, target SINR = 10 dB, Source power =
15dB . . 164
Outage Probability v.s. Sum Transmitted Power (dB), Target SINR = 10 dB 165
Comparison between total power constraint and individual relay power con-
straint, Target SINR =10dB . . . . . . ... ... ... ... ..., 165
Sum Transmitted Power at Relays v.s. Source Power (dB), Target SINR =
10dB . . e 166
Relay power v.s. number of relays R, target SINR — 10 dB, Source power —
15dB . . e 167

System model of the first 3 chapters. . . . . . .. ... ..o 171






15

List of Acronyms

AF

AWGN

BEP

BER

BS

CDMA

CF

CRC

Csl

CvX

DF

EGC

EM

i.i.d

LDPC

MAI

MDF

amplify-and-forward

additive white Gaussian noise

bit error probability

bit error rate

base station

code division multiple access

compress-and-forward

cyclic redundancy codes

channel state information

Matlab Software for Disciplined Convex Programming

decode-and-forward

equal gain combining

Expectation-Maximization

independent identically distributed

low-density parity-check

multiple access interference

multipath decode-and-forward



16 LIST OF FIGURES

MIMO  multiple-input multiple-output

MPSK  M-ary phase-shift keying

MRC maximum ratio combining

MS mobile station

OFDMA orthogonal frequency division multiple access

pdf probability distribution function

PSK phase-shift keying

PSO Particle Swarm Optimization

QAM Quadrature Amplitude Modulation

QCQP Quadratically Constrained Quadratic Programming

QPSK  quadrature phase-shift keying

RS relay station
SC selection combining
SDP semi definite programming

SEP symbol error probability

SER symbol error probability

SINR signal to noise plus interference ratio
SNR signal to noise ratio

ZF zero forcing



Chapter 1

Introduction

17



18 CHAPTER 1. INTRODUCTION

During the past few decades the demand for reliable high-speed wireless communication
links experienced a tremendous growth. End user clients do not stop asking for more and
more bit-rates and better link qualities. In 1984 Jakob Nielsen states that a high-end user’s
connection speed grows by 50% per year [1]. His prediction has proved to be an accurate
estimation over the past few years as shown in Figure 1.1. In practice the average speed
increases more slowly due to the conservativeness of telecommunication companies and the
fact that users tend to keep their old materials and subscriptions. Another example of
the increasing growth of telecommunication speed and reliablity is the mobile phone usage.
Studies show that the use of data on the mobile phones has been increasing exponentially
over the past few years [2]. Figure 1.2 shows the average amount of cellular phone use
per subscriber per month in North America since 2008. It also projects this forward going
towards 2013. It can be seen from Figure 1.2 that since 2009, data consumption has
surpassed voice calling on mobile phones. While voice usage per subscription remains
roughly constant (around 50 MB/month in average), the data use grows exponentially from
roughly 26 MB/month in 2008 to 1235 MB/month in 2013. Such trends justify that the
wireless communication is by far the fastest growing segment of communications industry

and reserach [3].

However, numerous technical challenges remain in designing high-speed reliable links
to support emerging applications. These difficulties are mainly due to the fact that, in a
wireless environment, unlike many other channels, transmitted signals are received through
multiple paths which usually add destructively resulting in serious performance degrada-
tions. Furthermore, the medium is normally shared by many different users, thus there is
the possibility of significant interference as well. Other challenges for high-speed wireless
applications include highly constrained transmit powers, as well as hardware complexity

and cost requirements [4].
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Figure 1.1: Internet speed evolution in bits per seconds over the time. The dots in the
diagram show the internet speed measured by Nielsen since 1984.

The most effective technique in order to obtain a reliable link over a fading wireless
channel is to use the diversity. Diversity techniques are widely used in practical wireless
communication scenarios. The diversity order of a given scheme is a quantitative measure
of how useful it is to invest the transmit power into this given scheme instead of simply
increasing the transmit power of the original strategy. There are several ways to obtain
diversity all of which attempt to obtain independently faded replicas of the transmitted
signal at the receiver side. The receiver may then combine the information contained in
each independently faded version of the transmitted signal in order to determine the most
likely transmitted signal. An informal definition of the diversity is therefore the number of
independent replicas of the transmitted signal received at the destination. A more formal

definition of diversity gain g4 is given as [5]:

log P.(SNR)

9= NRSe  log SNR (1.1)
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Figure 1.2: Average mobile use per subscriber per month in North America.

where P, denotes the average error probability and SN R is the signal to noise ratio of the
network. As seen in (1.1), the diversity gain is the negative slope of the error probability
versus the signal to noise ratio (SNR), traced in log-log scale. Diversity may be realized in

different ways, including frequency diversity, time diversity, spatial diversity, etc.

This dissertation focuses on one of the above mentioned diversity techniques: spatial
diversity, which is a powerful means of combatting the deleterious effects of fading. In this
technique transmitter and/or receiver is equipped with multiple antennas. Systems with
multiple antennas are also referred to as multiple-input multiple-output (MIMO) systems.
One of the major advantages of MIMO systems is the substantial increase in the channel
capacity, which immediately translates to higher data throughputs. Another advantage of
MIMO systems is the significant improvement in data transmission reliability. These ad-
vantages are achievable without any expansion in the required bandwidth or increase in the
transmit power. In the spatial diversity techniques the goal is to obtain the independently
faded replicas of the transmitted signal due to the different channel coefficients between the

source and the destination. However, due to the size constraints, the antennas on transmit-
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ter or receiver may not be placed sufficiently far apart. This limitation induces two major

problems that challenge limit the benefits of MIMO systems:

e The channel coefficients from two adjacent antennas may not be statistically inde-
pendent. As a result the signals received by the destination are not completely inde-
pendent replicas of the transmitted signal. It is obvious that since the diversity is the
number of independent replicas of the transmitted signal, the full diversity may not

be achieved.

e When an obstacle is placed between the transmitter and the receiver, all transmit-
ter/receiver antennas will simultaneously experience deep attenuation. As a result
the telecommunication link will be seriously degraded, no matter how many antennas

are used.

One promising solution is to use distributed MIMO systems which consists of distribut-
ing antennas among different nodes of the system. This method has also the advantage of
increasing the transmission range. In the cases where the source and the destination are not
in line-of-sight and/or when the media loss is important, one may use telecommunication
relays to limit the transmit power. Distributed MIMO systems combine the benefits of
relaying schemes and MIMO systems.

Another very challenging aspect of wireless communication is the number of simultane-
ous users in the network. Figure 1.3 shows the growth of mobile subscriptions in the world
until 2009. Today, there are over 5 billion mobile phones in use worldwide. In 40 coun-
tries the number of mobile phones surpasses the population [6]. Tt is impossible to serve
each user with an individual frequency career or time slot. The research for new strategies
that can economize the use of frequency careers or dedicated time slots never stops. Such
strategies may include MIMO code division multiple access (CDMA) and MIMO orthogonal

frequency division multiple access (OFDMA).
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Figure 1.3: The evolution of mobile subscriptions in the world from 2001 to 2009 according
to the World Bank.

This dissertation is focused on one promising solution for the multiple access MIMO
systems: cooperative communications. This is the case when two or more elements of
the system (usually end users), cooperate to deliver a message from the source to the

destination.

1.1 Cooperative communications

The classic representation of a communication network is a graph with a set of nodes
and edges. The nodes usually represent devices such as a router, a wireless access point,
or a mobile telephone. The edges usually represent communication links or channels, for
example an optical fiber, a cable, or a wireless link. This work deals mainly with Rayleigh
flat fading wireless channels. Both the devices and the channels may have constraints on
their operation. For example, a router might have limited processing power, a wireless
phone has limited battery resources, the maximum transmission distance of an optical

fiber is limited by several types of dispersion, and a wireless link can have rapid time
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Figure 1.4: System model

variations arising from mobility and multipath propagation of signals. The purpose of a

communication network is to enable the exchange of messages between its nodes.

Due to the broadcast nature of wireless links, signal transmissions between two nodes
may be received at the neighbor nodes. It has been understood in the information theory
for over three decades that wireless communication from a source to destination can benefit
from the cooperation of nodes that overhear the transmission, as these intermediate nodes
may themselves generate transmissions based on processing of the overheard signals. Let
us consider the system depicted in Figure 1.4 where one system node (source) is sending a
message to another system node (destination). Due to the broadcast nature of the wireless
link, this message is overheard by a third node of the network (relay). During the first phase
of transmission (solid lines in Figure 1.4), the source broadcasts the unitary message symbol
s to both relay and destination using the power E,. The second phase (dashed line in Figure
1.4) consists of relay transmitting a transformed version of its received signal to destination
while source is silent. Note that two phases indicate two independent transmissions. This
may be achieved by using orthogonal codings; e.g. using different time slots or different
frequency careers. Let us assume that all three links are independent identically distributed
(i.i.d) flat fading Rayleigh channels h;; ~ CN (0, 1) with ij € {SR,SD, RD}. The received

signal at relay and destination after the first phase accomplishment may be expressed as:
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Yr = \/EshSR3+nSR (12)
yp1 = V Eshsps + nsp (1.3)

with ngr ~ CN(0,0%) and ngp ~ CN(0,0%p) being the samples of a complex additive
white Gaussian noise (AWGN). During the second phase while the source is silent, the

relay sends t, a transformation of yg towards the destination.

1.1.1 Cooperative strategies

As stated above, in the second phase of the transmission, the relay will transmit towards the
destination, a signal ¢ based on its received signal. The received signal at the destination

is then:

Yp2 = hgpt +nrp (1.4)

with ngp ~ CN(0,0%p) being the AWGN noise. The choice of ¢ determines the cooperative

strategy. Several scenarios may be considered [7-9|:

e amplify-and-forward (AF)

e classic multi-hop

e compress-and-forward (CF)

e decode-and-forward (DF)

e multipath decode-and-forward (MDF)
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In this dissertation we only use AF [10,11] and DF [12-14] cases. In the AF case, ¢ is

only a scaled version of yg to the available relay power Eg:

Eg
\/agR + |hsgl® E.

It can be easily proved [15] that using the AF protocol the equivalent SNR for the source-

relay-destination path can be determined by:

YSRYRD
1 +7vsr +rD

VSRD = (1.6)

where vsr and yrp respectively denote the signal to noise ratios of source-relay and relay-
destination.
In the DF scenario, the relay will first decode its received signal yz, and finds the likeliest

transmitted symbol s and then retransmits the signal § scaled to the available relay power:

t = /Ers (1.7)

The advantage of DF relaying is that if the relay can successfully decode the received
signal, the source-relay link noise effect is canceled out, while in the AF strategy, the relay

amplifies also the noise.

1.1.2 Combination techniques

At the end of the second phase, the destination has two replicas of the received signal
yp1 and yps. Obviously the expression of yps depends on the used protocol (AF or DF).
Another classification of the system is based on the destination’s choice on the demodulated

symbol [16-19]:
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e SC: The selection combining (SC) is used when the destination chooses to only use
the strongest received signal [20-22]. In this case the signal received from the path

with the highest equivalent SNR is used to decode the likeliest transmitted symbol.

e EGC: In the equal gain combining (EGC) case, destination will dephase yp; and
yp2 to remove the dephasing induced by the channel and combines them with equal

gains [23].

e MRC: In maximum ratio combining (MRC) the destination combines yp; and yps
with weighting coefficients in order to take into account the SNR of each link [24-26].
Naturally the link with a stronger signal, is more likely to influence the destination’s
decision on the likeliest transmitted symbol. If MRC is used, the equivalent system
SNR is the sum of the signal to noise ratios of both source-relay-destination and

source-destination paths.

Figure 1.5 shows the bit error rate (BER) simulation of different combination techniques
on AF and DF strategies over a Rayleigh flat fading channel. Transmission symbols are
quadrature phase-shift keying (QPSK) with unit power. The source-relay link is assumed
to have an average signal to noise ratio of 10 dB more than source-destination and relay-
destination links. Figure 1.5 shows that MRC outperforms other combination techniques
and in general AF relaying is more efficient that DF relaying.

In AF relaying scheme, the equivalent SNR of the source-relay-destination has a close
form expression. As a result the method of applying different combination techniques
(i.,e. SC, EGC, MRC, ...) is more or less unanimous in the literature. On the other
hand such equivalent SNR does not exist for the source-relay-destination path of a DF
relaying scheme. As a result different authors propose different metrics to implement each

combination technique in order to take into account the possible errors of the source-relay

link.



27

10" ¢
10

T

10k

BER

4

107}

10 &= —— Non-cooperativ
E - @ - DF (EGC)
—e— AF (EGC)
. DF (SC)
10 AF (SC)
i - ® - DF (MRC)
—a— AF (MRC)
7 i i

0 5 10

10
20 25 30

Figure 1.5: Performance of different cooperative strategies and combination techniques
1.2 Precoding in multiuser networks

During the past few years, some researchers proposed to use precoding in MIMO and co-
operative communications in order to increase the performance of such systems. Precoding
is usually used in multiuser networks where two or more concurrent users try to access the
same network. In the multiuser systems involving precoding, the transmitter multiplies its
symbols by some precoding coefficient in order to minimize the multiple access interfer-
ence (MAI). Of course, these precoding coeflicients must be calculated as a function of the

channels and the type of receiver employed [27-30].

In this section we will first introduce distributed relay systems, the multi-access networks
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Figure 1.6: System model for a multiple relaying scheme

will be discussed, and finally the use of precoding vectors will be introduced.

1.2.1 Multiple relaying schemes

Let us consider the point-to-point transmission system depicted in Figure 1.6. The system
is composed of one source node, R relays, and one destination node. Like the case addressed
in Section 1.1, different transmission phases are represented by different line types. Note
that here the transmission is composed of R+ 1 phases (e.g. time slots). In the first phase
the source broadcasts the message symbol s to the relays and destination. In the next R
phases, the relays transmit their symbols to the destination one at a time. Some works
assume that the direct link between the source and the destination (fy) is too weak and

can be neglected [31,32].

Assuming that all links are i.i.d flat fading Rayleigh channels, at the end of the first
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phase, the received signals by relays and destination are:

T‘Z:\/Esfls—f—vz 22172,R (]‘8)
Yo =V Es fos + vo (1.9)

where v; is the receiver noise. The amplify-and-forward and decode-and-forward strategies

can be applied here, exactly like they were applied in the previous section:

Er
tiap = | =7, 1.10
AF 0_12)2 + |fl|2 Es ( )

=+/E,$; with $; decoded symbol at the ith relay (1.11)

tiDF

At the end of all phases, the destination receives R more signals from relays:
Yi = giti + w, L,2,---,R (1.12)

with w; being the AWGN. For the multiple relay case, as well as the simple cooperative case
discussed in the previous section, the destination may use different combination techniques
such as SC, EGC, or MRC. Figure 1.7 shows the simulation results for the AF strategy and
different combining techniques. Note that all techniques produce the full diversity (d = 3)

and that the maximal ratio combining is the most effective method.

Note that if AF is used along with MRC, the equivalent signal to noise ratio can be

expressed as [15]:

v = Zv (1.13)
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Es |f0|2
= 1.14
o 012}0 ( )
Es\gnz ET\Qgi\Z
i = Um'vz Tw0 - 7 = 172’.R (115)
R

For high SNRs, the 1 in the denominator of (1.15) can be neglected, and 7; can be

expressed as:
YSRi"YRiD

~ VRiD 1.16
Ysri + YRriD ( )

with vsgr; and yg;p being respectively the signal to noise ratios corresponding to the first

and second hop of the ith branch. Equation (1.16) looks like the equation corresponding to
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Figure 1.8: System model and its equivalent electrical circuit for a given cooperative network

the equivalent conductance of two conductances connected in series. Since maximal ratio
combining allows to sum up individual SNRs, it can be seen as parallel conductances. As
a result, for an amplify-and-forward MRC scheme, the equivalent SNR of a given network
can be calculated in the same way as the equivalent conductance of a circuit. Figure 1.8a
shows the system model of a given cooperative scheme. If the system is operated with AF
strategy using MRC, its equivalent SNR can be calculated from the equivalent conductance
of the circuit depicted in Figure 1.8b where each conductance corresponds to the SNR of

the corresponding link.

1.2.2 Precoding in relays

One problem of the system discussed in the previous subsection is that it leads to a loss
of the system throughput due to different phases needed to implement in order to prevent
interference from different relays. If we assume that the relays in DF mode have the
knowledge of the forward channel (i.e. each relay knows the channel between itself and
the destination), each relay can multiply its signal by the complex conjugate of its forward
channel to ensure that the signals from all relays arrive at the destination with the same
phase. This is a simple example of precoding to achieve beamforming. All relays could

then send their symbols simultaneously towards the destination. Furthermore, in the case
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Figure 1.9: A multi-user multi-relay network. The thick lines represent the links with
annotaions

of centralized relays (when the precoding coefficients are calculated in a central unit having
access to the channel between all relays and the destination), the channel information
may be used to maximize SNR at the destination by assigning more power to the relays
that benefit from better links. In this case precoding is used to not only perform the
beamforming, but also to use water-filling in order to increase the system performance
[33,34].

In the above examples precoding was used in a point-to-point single user scheme. In
this dissertation we are more focused on the precoding techniques in the multiple access
networks [35-39|. Let us consider the multiuser AF relaying system with N single antenna
sources and N single antenna destinations as depicted in Figure 1.9. R single antenna
relays assist the sources to send data to the destinations. The direct links between sources
and destinations are assumed to be negligible. In every transmission period, the sources 1
to N wish to send the baseband signal s; to sy to destinations 1 to /N respectively. Note
that we want each destination to receive only its intended symbol. It means that the effect

of s9 to sy must be canceled out at the 1st destination, and so on. The transmit power of
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each source is fixed to Fy. In the first slot of every transmission period, the received signal

vector at the relays equals:

r=+/FFs+n (1.17)
with v = [ry, 79, -+ ,7y]7 and n being the column vector of the receiver noise at the relays.

Matrix F is defined as an R by N matrix in which f};, the element at the (j,7)th position of
the matrix, is the channel between the ith source and the jth relay. The relays multiply their
received signals by some precoding coefficients prior to forwarding them toward the destina-
tions: t; = wyr; fort=1,2,--- | R. In this equation w; is the precoding coefficient of the ith
relay and t; is the transmitted symbol of this relay. Defining W = diag([wy, ws, -, wg]),
the R by R diagonal matrix of precoding coefficients, we can rewrite this equation in the

matrix form:

t = WR = /Py WFs + Wn (1.18)

In this case, the received signals at the destination is expressed by:
y =+ P GWFs+GWn +z (1.19)

where z is the vector of destination noises and G is an N by R matrix with gy, the (k, j)th
element of G, being the channel coefficient of the link between the jth relay and the kth
destination node. Note that if we consider the centralized structure (i.e. the precoding
coefficients are calculated by a central processing unit which has the complete channel
state information (CSI) of the system and the received signals at all relays, and provides
the relays with their respective symbol to transmit), the matrix W no longer requires to be
diagonal and may have an arbitrary structure. This provides the system with more degrees

of liberty at the cost of the network’s more complex structure and protocol.

In any cases, if we want the MAI to be canceled out, we must guarantee that GWF is
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a diagonal matrix. Let us determine W as':

W =Gl (GGT) " Ay (FIF) ' F (1.20)

. S

V;I,G V;],F
where (-)" denotes the conjugate transpose of (-) and Ay is a diagonal matrix. The received
signal can be thus written as:

y = VP GG (GGH ' AR(FTF)"'FiFs + GG'(GGN) ' AR(F'F)"'Fin + z w21)
1.21

= v P()ARS + ARWFII + z

Note that since Ag is a diagonal matrix, the received signal at the ¢th destination node
depends only on s;. The matrix W has three components: The relays first use Wg to
transform the received signal into parallel streams, then process power allocation through
AR, and finally send the signal precoded by W to cancel the inter destination interference
caused by G.

In this case, the precoding matrix has been used to remove the MAT at the transmitter
and the receiver sides, and by optimizing Ay it can maximize the SN R at the destinations.

The following subsection consists of a brief survey on the use of precoding in the liter-

ature.

1.2.3 Precoding in the literature

A lot of works have been already published concerning the optimization of precoding vectors
at relays for a single destination terminal [33,40-43|. The optimization criterion is always
the maximization of the SNR at destination. Zhihang et al [33| presented an outstanding

work dealing with different realistic scenarios including the case where only second order

!For an explication of the method used to obtain W, see Chapter 3
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statistics of the channel are available. However, it does not cover the multi-user case. In
general, the majority of works on the subject is related to the AF case with only one
destination terminal. Some works like [44] deal with the particular case of two destination
users. In fact, the use of precoding vectors for the case of arbitrary number of destination
users is a very poor investigated aria. However, some recent articles have worked on this
subject [36,45-47]. In [45], the authors propose optimal beamforming designs to maximize
the SNR margin in a multiuser multi-relay network with AF relays. Two kinds of power
constraints are considered: sum relay power constraint and per-relay power constraints.
Simple iterative algorithms are given which converge to the optimal solution. However, no
diversity study or analytical derivation of the average expected symbol error probability
(SEP) is given. The authors in [36] calculate beamforming matrix for multiple independent
sources, destinations and AF relays to minimize the sum transmit power at the relays while
meeting signal to noise plus interference ratio (SINR) requirements at the destinations.
Once again, no diversity study is available and theoretical system performance evaluation
is not provided. In [46] the authors propose the application of SINR-Max cooperative
beamforming for multiuser detector over flat MIMO fading channels and extend it in [47]
to the case of multiuser MIMO-OFDM systems, but they did not provide any diversity
study and SEP analytical calculations. Another recent study on the topic is the work of
Shu et al. [48] where the authors try to maximize the system capacity using precoding
vectors optimized by Particle Swarm Optimization (PSO) algorithm, however the proposed
solution in [48] implies a complicated receiver structure at the mobile station (MS) side
which limits the practical interest of the work by imposing expensive structure to the end
line users. At the same time, due to the complicated equivalent channel equations, very

little analytic predictions are produced.
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1.3 Organization of the dissertation

This dissertation is organized as follows:

The second chapter uses mathematical optimization based on Lagrange multipliers
method in order to optimize the performance of a multi-user multi-relay two-hop trans-
mission scheme. The Lagrange multiplier method is modified to fit the problems involving
vectors and matrices. The resulting algorithm is very flexible and under a vast variety of
constraints can be implemented using linear matrix operations.

In chapter 3 a special case of the optimization problem addressed in chapter 2 is studied.
In this chapter, since a special case is addressed, analytical performance analysis is possi-
ble. We use the Expectation-Maximization (EM) algorithm to approximate the probability
distribution function (pdf) of the signal to noise ratio. Diversity gain and the symbol error
probability are calculated theoretically.

Chapter 4 optimizes the relays transmit power in order to maximize the system per-
formance. The Gram-Schmidt orthonormalization process is used to cancel out the MAI
Theoretical performance analysis is carried out and the diversity order of the system is
derived mathematically.

Chapter 5 addresses a multi-user multi-relay case where only the second order statistics
of the CSI is available. The system studied in this chapter features very simple single-
antenna relays. The system performance is optimized under different types of power con-
straints.

Finally, general conclusions are derived in the last chapter of this dissertation.



Chapter 2

Mathematical Optimization
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In this chapter we will use different mathematical optimization methods to optimize
the performance of a given telecommunication system. We will use a modified version of

Lagrange multipliers method to optimize our approach.

The proposed system is composed of one base station with M antennas, which sends N
symbols s; to sy respectively to N mobile stations MS; to MSy via L not-moving relays
each with R antennas (see 2.1)'. A two hop communication scheme is considered. In
the first hop, the base station sends the signal to the relays. The relays will then decode
the received signal and multiply it by some precoding vectors before transmitting them to
mobile stations in the second hop. Since the base station and the relays are considered
not to move, the communication between the BS and relays is assumed to be perfect. In
fact a wide variety of low-noise communication media such as optical fibers may be used.
Moreover cyclic redundancy codes (CRC) may be employed to detect any possible errors
in relays and to ask the base station to resend the missing information. As a result BS to
RS links are considered error-free 2. In the remainder of this chapter we will focus on the
second hop of the communication where L relays cooperate in sending each of the N data
symbols to their intended mobile stations. The link from the ith relay to the jth mobile
station is assumed to be a flat fading Rayleigh channel h;; ~ CA(0,Ig) of size 1 x R. The
channel coefficients are assumed to be known at the transmitter. The receivers however do

not use any information of the channel.

For simplicity, at the first time we will consider the case that only two relay stations are

used. The results may be generalized to the case of arbitrary number of relay stations®. In

!Note that R denotes the number of antennas in a relay and not the number of antennas
which is denoted by L

’Even when this is not the case, we can instruct the relays that did not succeed to correctly detect the
information to be silent while the other I’ < L relays with correctly decoded data will cooperate to send
the signals to the MSs. The system can be seen as the same system with the number of relays decreased
from L to L'

3See section2.4: Conclusion
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Figure 2.1: System model

this case the signals sent by RS; and RS, are given by:

N
_ E : 1
X1 = SjW]
j=1
2.1
N (2.1)
_ E 2
X9 = SjW]
J=1

Where W§ of size R x 1 represents the precoding vectors of ¢th relay. x; are then transmitted
to mobile stations via the Rayleigh channels h;;, « = 1,2, j = 1---N. The second hop
channel being a Rayleigh channel of size 1 x R, the signal at the jth mobile station can

thus be expressed as
yj:hlj-xl+h2j~x2+nj ,jle (22)

Where h;; is a CN(0,1Ig) and n; is the additive white Gaussian noise (AWGN) at the jth
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mobile station. By substituting (2.1) in (2.2) we obtain:

N N
k=1 k=1

As stated above, we want y; to depend only on s;, that is to say:

Zskhlj-w;+zskh2j-wi:0, j=1,2,---N (2.4)
k) k)

If (2.4) is satisfied the resulting signal at each mobile station is given by (2.5).
yj = Sj (hlj . le + hgj . W]2> + le (25)

The precoding vectors must guarantee that the term in parentheses at the right hand
side of (2.5) is a real positive number.
We will now examine the constraints that the precoding vectors must satisfy in order

to:
e cancel out the interference between messages, i.e. MS; receives only s;
e guarantee a constructive superpositioning between the RS; and RS,
e maintain the consumed power at relays below a given level.

These constraints and the equations related to them are discussed below.

2.1 Mathematical model to optimize

In this section we will write the equations leading to the system optimization. Note that

two different scenarios may be considered depending on whether or not one relay has the
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channel state information (CSI) of the other relay. If both relays have the CSI the system
will have more degrees of freedom and as a consequence it will show better performance,
however this is at the cost of less practical interest caused by the necessity of some kind
of dialog between relays in order to pass the CSI and the calculated precoding vectors. In

this chapter we will consider the case where each relay has only the knowledge of its own

link to the MSs.

2.1.1 Canceling interferences

In this subsection we will find the equations guaranteeing that the system will act like NV
parallel and independent links between the source and destinations Expanding the criterion

in (2.4) for the first mobile station (j = 1) we obtain:

SthlW% + o+ SNhHW]lV -+ Szhglwg 4+ 4+ 3Nh21W]2V =0 (26)

This equation requires the mutual CSI and the precoding vectors knowledge between the

relays. We split it into two parts to overcome this knowledge:

SQhHW% + $3h11W§ + -4 SNh11W]1V =0

(2.7)
52h21w§ -+ 53h21vv§ + 4 SNh21W?V =0
The same reasoning for M S, (j = 2) leads to:
51h12Wi + 53h12W§ R o SNh12W]1V =0 (2.8)

SthQW% + 53h22W§ et SNhQQW?V =0
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And finally for M Sy we have:

1 1 1 _
slthwl + SthNW2 cee SN—lthWN_l = 0

(2.9)
s1thonwi + sohon w3 -+ + sy_thoywi_; =0
Now for each relay we have a set of equations:
(
0 +shywy+sshywi+ e +syhywi=0
81h12W1 + 0 +33h12W1—|— cee —|—8Nh12W1 =0
Relay(® o . ’ S (2.10)
o+ 4+ e+ + @ =
| sithiywi+sohiywi+ -+ +sy_thiywh_+ 0 =0
.
0 + 32h21w§ +83h21W§—|— cee —|—8Nh21W%V:0
sthoow? + 0 +sshoow2+ +5syhoew?,=0
Relay@ 1hoowy 3o w3 2Wy (2.11)
: + : + . 4+ + : =
{ SlthW%—FSQhQNW%—F LR +3N71h2NW?\[71+ O :0

Equations (2.10) and (2.11) are two sets of N linear equations each set having N x R

unknown scalar values of N vectors w} to w'; to be determined.

Each row in (2.10) and (2.11) can be factorized with h;; as factor:

)
hyp - (0 + sow) + s3wi + -« + sywh) =0

his - (s;WE + 04 sswi + -+ sywk) =0
Relay®{ (51w o W) (2.12)

th . (slw% + SQW% + -4 SN—IW]lV_l + O) =0
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hyy - (0 + s9W3 + s3W32 + -+ + sywa) =0

hoy - ($1W2 + 0+ s3W2 4+ -+ + sywW3) =0
Relay@{ (51w o VW) (2.13)

\ th : (slwf + SQW% + -+ SN—lW]2V71 + 0) =0

hy-Y swi=0 i=12andj=1,--- N (2.14)

Note that (2.12) and (2.13) have the same structure. As a result, we will only write the

equations for the first relay, knowing that the second relay is bound to an equation set of

the same form. Denoting the real and imaginary parts of a complex number (or vector) ¢ by

cr and ¢; respectively, we can decompose the terms s;wi in (2.12) into real and imaginary

J

parts:

(2.15)
(Sjwjl')[ = SjRWJI'I + SjIWJlR
Now (2.12) becomes:
<h1j ' Zsinl) = hy,- (Z Sin) — hyy, - (Z SiW'})
i#£] R i#£j R i#j I
= hy > (sipwh, — s, w))
itj (2.16)
hl]] Z (SiRWZ] + SlIWZR)
i#j
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<h1j : Zsiw,}> = hy, - (Z Sin‘l) + hyy, - (Z Siw%)
i#£j I i#£] I i#£] R

hljR ’ Z (Singl + SilwilR)
i#j (2.17)

§ 1 1
_'_ hlj] ’ (SiRW’iR - Silwi])
i#]

- 0, j=1--N

These are 2N scalar valued linear equations bounding the 2N R real values of the precoding

vectors corresponding to first relay station Wi to le-.

2.1.2 Coherent addition

If the interference cancellation is carried out, the received signal at the MSs given in (2.3)

reduces to:

1 2
y1 = s1hyywy + sthoywi +ny

Yo = 82h12W% + Slhggwg + N9
(2.18)

1 2
yn = snhiywy + syhoywiy + ny

We want the first and the second terms in (2.18), i.e. the parts of the intended message

sent from first and second relays, to arrive in phase at the mobile stations. We thus require
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that:

Z (hllwi) =/ (h21W%)
Z (h1swl) = £ (hyyw?
(hizws) = £ (Beows) (2.19)

Z (hiywy) = £ (hoywy)

In which Z(c) denotes the phase of the complex number c. Note that since h;; is of size
1x R and w} is of size R x 1, the term h;;w} is a complex scalar. The problem with (2.19) is
that it requires each relay station to know the precoding vectors and the channel coefficient

of other relay. To overcome this problem we further impose that:

Or:
Z(hyw!) =0, i=12andj=1,--- N (2.21)

By imposing (2.21), relay (D no longer needs to know the channel coefficients of relay ).

This equation can be formulated as:

hywi) =0 i=1,2andj=1,---,N
(Biyw3) (2.22)

(hywi), >0 i=12andj=1,---,N
It is straight forward to derive following equations for the real and imaginary parts of hijw;ﬁ;

JR JI
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(hZ]W;)I = hinW§I + hijIW;'R (224)
In this case, equation (2.21) can be expressed as:

These are a set of IV linear scalar valued equations and a set of N linear scalar valued

inequalities.

2.1.3 Power constraint

We assume that the relay RSy is bounded to a maximum power of p,. Transmission power

of each relay can be written as:

N
Py = |xi* = | z:SjW‘I;H2 < Dk k=1,2 (2.25)

j=1

By developing (2.25) we obtain:

N t N N N
(Z sivt ) | (Z Sjw?) SNt ) whspe k=12 20
i=1 j=1 i=1 j=1
where (.)* and (.)" denote respectively the complex conjugate and the conjugate transpose.

Again, if we write a complex number ¢ as cy + jc; we have:

k T

(Wi wj = (wh +wh) - (wh )

= (wh, = k) (wh, + )

(2.27)
kT k kT k kT k ET k
= Wiz " Wig + IWig = Wi — IWi; JR + Wi, Wi
_ kT k kT k . kT k kT k
= Wiz " Wir + Wir * Wi, +J <WiR ir — Wis jR)
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and:

*

5785 = (Sip + 3si;)" (8jr +385,)
- (SiR - jSiI) (SjR +j3j1) (2.28)

= SirSjr + JSigSir — JSirSir + SirSjr

= SipSjp + Si;Sj; T J (SiRSJ'I - SiISjR)

Thus (2.26) can be written as:

N N
_ KTk KTk
P, = g g (SipSjp + Si;Sj;) (wiR WL+ W W]j)

i=1 j=1

N N
o ) ) ) k‘T . k . kT . k (229)
S’LRS]I SirSir WiR le WiI WjR

j=1

@
I

—
.

These are two quadratic inequalities bounding the value of precoding vectors.

2.1.4 Objective function and problem formulation

The system objective function is a function that will quantify the performance of the system.
Choosing the objective function is the reflection of our choice of the system feature that we
wish to improve while satisfying all of the above-mentioned constraints. The objective goal
of the optimization may be to minimize the overall bit error rate (BER) or outage probability
or to maximize the overall capacity of the system. We may also consider privileging one
or some of the mobile stations over others, e.g. minimizing the BER of one mobile station
while maintaining all other BERs below an acceptable threshold.

The problem with optimal solution is that we must be able to express the objective

function (e.g. the system capacity) in terms of the problem variables and parameters, the
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precoding vectors and the channel coefficients in this case. Another possible method is to
use suboptimal solutions instead. We may consider using the signal to noise ratio (SNR) at
the destinations. The SNR is much simpler to express in terms of system variables. SNR
at a given mobile station is simply derived from (2.5) as:

SNR.. — [hyywi _ [hyw[?
Y E{In P} No

(2.30)

where E { X'} represents the mathematical expectation of the random variable X and SNR;;
is the contribution of the ith relay in the signal to noise ratio at the jth mobile station.
Here also, several strategies and possibilities may be considered. One possible approach
is maximizing ) SNR;;. Other possibility may be to impose the same SNR at all mobile
stations and to maximize the signal to noise ratio at one mobile station (note that we may
have multiple constraints, but only one objective function is conceivable). Other possible
strategy is to impose a different SNR at each mobile station. For example we may use
water-filling to assign a SNR proportional to equivalent channel at each mobile station.
Let us choose the following scenario as an example: we will make sure that all mobile
stations benefit from the same SNR and then maximize one of them, say the first mobile

station. In this case optimization problem for the first relay will be:
e Maximize hy;w}
e subject to

— Canceling interference

hljR . Z (SiRWilI + SilwilR) + hlj[ . Z (SiRWilR — Sijwill) =0
i#] i#]
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for all j which is 2N equations in total.

— Coherent addition

1 1 _ S
hljRWj[ + hleWjR = O, ] = 17 ce ,N
1 1 _ 1 1
hHRwlR — hnIWlI = thRWQR — h121W2I

_ _ 1 1
== thRWNR — thIWN[ >0

Note that the lower equations are the result of imposing the same SNR for all

mobile stations.

— power constraint

N N
Tk Tk

E E (SipSjp + Si;Sj;) (wiR Wi+ W -wj1>

i=1 7

N
ET k kT k
SlRS]'I - SiIS.jR) (WiR ' Wj] - Wi[ ’ WJR> S p1

zmz ﬂ

J=1

This is a non-linear problem that is not easy to solve. In the following section we will

develop a solution to this problem using the Lagrange multipliers method.

2.2 Lagrange multipliers method for matrices and vec-
tors

Named after Joseph Louis Lagrange, the method of Lagrange multipliers is a method for
finding the local extrema of a function subject to constraints. For example if we want to
maximize f(x,y) subject to g(z,y) = ¢, we introduce a variable \ called Lagrange multiplier
and study the Lagrange function A(z,y,\) = f(z,y) — )\(g(:v,y) — c). It is proved that If

f(z,y) is an extrema of the original constrained problem, then there exists a A such that
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(z,y,A) is a stationary point for the Lagrange function A(x,y, A), i.e. a point where all the
partial derivatives of A are zero.

In this section we will develop a derivation of Lagrange multipliers method which fits
the solution of problems similar to our case. When this method is elaborated we will come

back at our specific problem to solve it using the developed method.

2.2.1 Background calculus prerequisites

Before we start developing our modified version of Lagrange multipliers method we will
need some basic vectors and matrices calculus.
The first step in our approach will be to write every equation in a vector or matrix form.

The following equation will be useful:

N
» ab;=a"b=b"a witha=l[a---ay]",b=1[b - by]" (2.31)
=1
N
Zaibi =B-a witha=][a;---ay]",B=[b; - by] (2.32)
=1

Once the optimizing equation and the criteria have been written in vectorial represen-
tation we will find the stationary points of the target function. We will have to derivate

vectors and matrices with respect to vectors. Here are some of the most useful equations:

% —A (2.33)
% —A (2.34)
0 (;ix) — 2x (2.35)
OLIAY) _ o\t ATy (2.36)
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Note that (2.35) is a special case of (2.36) where A = 1.

Another complication of optimizing the proposed system in this chapter is that we must
separate real and imaginary parts of complex equations. This is important because we have
some constraints that require to set only the imaginary part of an equation to zero. It is
thus preferred to break each complex variable into two real variables and deal with real

variables.

Let us write a complex number ¢ as cg + jc;. In this case the equation a - b = ¢, with
a, b, and c being complex scalars will be written as:
CR ar —ay br
= (2.37)
Cr ar ag br
Using the same principle, a complex matrix equation such as Ab = ¢ where A is a complex

matrix and b and c are complex column vectors can be written as follows:

Ap —A b c
R 1 R _ R (238)
A[ AR b[ Cr
1 1 1
®A @b| = ®c (2.39)
—J 1 R —J R —J R

where ® denotes the Kronecker product defined as follows: If A is an m X n matrix and
B is a p x ¢ matrix, then the Kronecker product A ® B is the mp x nq block matrix such

that:
anB cee alnB

A®B=

amB - a,,B
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For the further simplicity of the application intended in this work, we prefer to use
(2.40) instead of (2.39) which leads to the same equations:
1 1 1

A® b® = lc® (2.40)

—i 1 —j —j
J R J R J R

While (2.40) and (2.40) result in same set of equations, (2.40) has the advantage of
having the real and imaginary parts of an element of a matrix next together, which simplifies
the practical programming of the system.

We will now start to develop our method using some examples.

2.2.2 Examples

We will use two examples to demonstrate the vectorial use of Lagrange multipliers method.
Each example is solved using two approaches: the conventional method and the method

using vectors and matrices.
Ezample 1. Let us consider that we want to minimize the function f(z,y) = 2* + 32

respecting the constraint g(z,y) =z +y = 2.

Conventional method. We define A(z,y,\) = f(z,y) + Ag(z,y) where X is the introduced

— —
Lagrange multiplier. The solution is VA = 0 which yields:

OA

o9 _ _ 2.41
e r+A=0 (2.41)
oA

— =2 A=0 2.42
oy YTt (2.42)
oA

P —9 = 2.4

I T+y 0 (2.43)

Which has the unique solution z =y = —\/2 =1 or 2 + 3 = 2. ]
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Vectorial method. Let us definea=[1 1]",u=[z y], f(u) = u”u, and g(u) = a’u—2.
The problem reduces to minimizing f(u) respecting g(u) = 0.

We define A(u, \) = f(u) + Ag(u) and set a\ = 0:

Alu, ) = f(u) + Ag(u) =u"u+ A (a"u-2) (2.44)
ga 2Tyu + a 0
H
VA=| -~ |=| -~ — |-
% alu —2 0
2I, | a u 0
|
= [---1-- -l =1--
|
a’ [0 || 2
2 01 T 0
|
=021 ||y|=]0 (2.45)
1 1.0 2
_ | -1
T 2 01 0 1
B 110 2 2
Which is obviously the same result. O]

It is easy to perceive that the final equations will be linear, if and only if the constraints

and the objective functions are respectively linear and quadratic functions of variables.
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Ezample 2. Minimize the quantity u? + u3 + u3 + u3 subject to constraints u; +uy = 4 and

2U1+U3—U4:0.

Conventional method. We will try to maximize:

f(ul,u2,u3,U4) = U% + Ug + ’LL% + UZ

respecting:

g1(ug,ug) =uy +us —4 =0 and

gg(ul,u3,u4) = 2U1 —f- Uz — Ug = 0

We define

A(ug, ug, ug, ug, A, A2) = fug, ug, ug, ug) + Mg (u, uz) + Aago(ur, us, ug)
= ui+ud+uj+ud

+)\1(U1—|—U2—4)

— —

VA =0 imposes that:
OA
OA
OA
OA

0U4



%)

OA
OA
a—)\l =2u; +uz —ug =0 (2.53)
The set of equations (2.48) to (2.53) has the unique answer uy = 1, up = 3, and uy = —u3 =
L. O
Vectorial method. Let us define:
T
u= [ Up Uz U3 Ug ] (2.54)
NN 259)
T
1 10 0
a— (2.56)
2 01 -1
c=[4 0" (2.57)
f(u) =u'u (2.58)
g(u) =a’u (2.59)
Alw,A) = f(u)+ A" (g(u) —c) =u"u+ A" (a"u—c) (2.60)
Using the matrix derivation we have:
OAN(u,X) 0 O\r.r.. . m\T
~—a ~ 5a" u+a—u}\au—2u+()\a) = 2I4u+ aX (2.61)
Now we can write: _ - _ - _
% 2I4u + a\ 0
.
VA= |---| =] ------- = |- (2.62)
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|
|
= [---t ] - = |- (2.63)
l
al : 0 A c
200 0,1 2 Uy 0
|
020 0 :1 0 Uo 0
|
0 0 0'0 1 U3 0
00 0 2 :0 —1 Uy 0
110 0:0 0 A 4
|
201 —1,0 0 Ao 0
_ - _ o -1 ~ - _ -
Uy 200 0 1 2 0 1
Ug 020 0 1 0 0 3
U3 002 0 0 1 0 —1
= = = (2.65)
Uy 000 2 0 -1 0 1
A 110 0 0 O 4 —6
Ao 201 -1 0 O 0 2
which is the same result as before. OJ

2.2.3 General formulation

We are now ready to introduce the step by step algorithm to solve an optimization problem

based on vectorial application of Lagrange multipliers method:

e Make sure that the optimizing problem meets the following criteria:



o7

— the objective function is a quadratic function of N variables z1 to xy

— all of the M constraints are linear functions of the variables

e Express all the constraints in a single vectorial form: Aj/xnXnyx1 = Cux1 Where
x=[z; 2 -+ ay]"
20y | AT
l
e Form the intermediate matrix A nyxpny = [-- -7 - - -
l
A 0y

T
Form the intermediate vector d(y/4n)x1 = [ O1xny ¢l }

Solve the system Au = d to find the N + M unknown coefficient of u.

Take the first N elements of u for the vector x.

Note that if the variables and consequently the equations are complex-valued, we can

use (2.40) to separate them into 2N real-valued variables.

2.3 Optimizing the performance of proposed system

In this section we will use the method elaborated in section 2.2 to optimize the problem

posed under 2.1.4.

2.3.1 Forming the equations

It is obvious that the problem discussed under 2.1.4 must be modified to fit the criteria

given in 2.2.3. The reason is that the problem in 2.1.4 involves a quadratic constraint.
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Note that when all other constraints are verified, maximizing SNR with respect to a
fixed transmission power reduces to minimizing the transmission power while maintaining
a desired signal to noise ratio at the receiver. The only difference is a scaling factor that
will amplify (or attenuate) the precoding vectors to the desired power level. Since all other
constraints are linear, this scaling will not cause the precoding vectors fail to satisfy a

constraint that they had satisfied before being scaled.

Now that the problem meets the criteria of 2.2.3, we will proceed with writing the

equations of the system in vectorial form. We will use these notations:

T
Hi:|:h“Thi2T__.hiNT] 77::172 (266)
NXR

i=1,2 (2.67)

T
Wi:[WiT wiT WiT}
1 2 N NRx1

Interference cancellation. Equation (2.14) maybe rewritten in vector form using (2.66)

and (2.67):
AqW,; =0 with A = (s ® 1y, — diag(s)) ® H; (2.68)

where ® and ® respectively denote Kronecker and row-wise Kronecker products* and s =
[s1, 82, ,sN]T. Equation (2.68) is a set of N linear complex equations for each relay that
guarantee the cancellation of intersymbol interferences. In order to obtain the equivalent
real equations we use the method introduced under 2.2.1. Using (2.40) we will obtain a set
of 2N real equations for each relay station:
1 1
Ay ® W; ® = O2nx1 (2.69)

i1 .
J R J R

4Row-wise Kronecker product of matrices A and B is a matrix each line of which is the Kronecker
product of corresponding lines in A and B.
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This equation has two rows per mobile station, the first row is the real part of (2.68) and
the second row is the imaginary part of (2.68). We will rewrite this equation to simplify

future developments.

AW, = 0on o1 (2.70)

with:

i1 .
J R T 1) R

Note that Ail and Wl are only composed of real values.

Coherent addition. According to 2.1.2, in order to guarantee the coherent addition, we

must have:

hljRW‘]l[ + hlele-R = 07 ] - 1) te 7N (272)

The criterion bounding the real parts to a positive value is no longer necessary because we
will fix a given value for (hijw;'-) - The criteria for the imaginary part of the received signal

in (2.72) can be written in compact form as:

with ® denoting again the row-wise Kronecker product. Using (2.40), this equation can be

written as:

(Ai2® [ i1 DR wie| = Oyt (2.74)

= A12W1 =0nx1 (275)

with Ay = (Aig ® [ —j 1 ]) . Since (2.75) is only about the imaginary part of h;; - w;'-,
R
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the matrix A;, has a single row per mobile station.

Fixing the SNR. We will consider the case where the same SNR is required for all mobile

stations. From (2.5), we know that the contribution of the first relay in the signal received
by the jth mobile station is hljwjl-. As a result the real part of this contribution may be

written as hlijle — hljlel»l. Imposing the same SNR for all mobile stations requires that:
hllRw%R — hll]W%I = hlzRW%R — h12[W%I == thRW]lVR — thIW]lVI =1 (276)

Note that the real parts are set equal so that all mobile stations benefit from the same
SNR. We could omit these constraints if we would like to have different SNRs at different
MSs. Knowing that we will later scale the precoding vectors to the available relay power,
the ‘17 at the right hand side of (2.76) is just an arbitrary value and could be replaced by

any other positive number. This equation can be rewritten as:

AW = 1y, (2.77)
with
Ai3:<(IN®Hi>®|:1 jDR, i=1,2 (2.78)
N 1
—j .

Note that A,z in (2.77) has one row per mobile station.

Now the optimization problem has been simplified to:

... .. ~ LA
e minimize the transmission power W, W;
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e subject to

" R . R T
with A, = | AT A% A% |
4N xX2RN
and ¢ = [ 0,{><2N O{XN 1{><N :| 4N><1.

2.3.2 Solving the system and simulation results

In order to solve the optimization problem in (2.80) using the method introduced under

2.2.3 it suffices to write for each relay (i = 1,2), the equation to be solved, A;u; = b, with

2,y | AT W; 02 x1

Ai: ******** , U = ’**’,b: 7777 (281)

0 A c

and find the solution as u; = Ai_lb and take the first 2NV elements of u; for VAVZ

Since W; is the W; with the real and imaginary parts separated, we can combine every
two consecutive elements of )/AVZ into a complex number and form W,. We can then find
precoding vectors wé» with respect to (2.67). We will then scale the precoding vectors to
available relay power: If W, is the set of precoding vectors which minimizes the transmission
power subject to a desired SNR value, the scaled precoding vector can be easily calculated
by W; = W, /IW’i—W’I

Note that in this case we have 4N equations and 2RN unknown precoding coefficients.
As a result the system needs to satisfy R > 2 to be solvable. In general when the same
SNR is required at mobile stations, and when the relays are independent (i.e. each relay

knows only its own CSI), the relay station antennas must outnumber the mobile stations.
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2.4 Conclusion

In this chapter a modified version of the Lagrange multiplier method applicable to the
vectors and matrices was developed. It has been demonstrated that if certain criteria are
met, the resulting equation may be solved using linear matrix operations. The proposed
method was only used for a case of two relay stations, but it can be easily generalized
to the case of arbitrary relay station numbers. Since the system calculates the precoding
vectors of each relay independently, there is absolutely no difference when the number of
relay stations is increased. The equations (2.80) and (2.81) are still applicable for i from 1
to L where L is the number of mobile stations.

The main advantage of the proposed method is its flexibility. A large variety of op-
timization constraints and objectives may be considered. The only restriction is that the
system must minimize the transmission power while satisfying a set of linear constraints.
It means that the constraints must be expressed as a linear combination of the precoding
vectors coefficients. Any linear constraints on the SNR at the destination is applicable. For
instance we may give explicit values for all MSs or make the priority on some or one of the
MSs. We can also use SNR values that are directly proportional to the channel coefficients.

The main inconvenience of the proposed system is that due to the nature of the proposed
solution, no or very little theoretical prediction of system performance may be produced. For
some special cases like when the same SNR is imposed for all destinations some analytical
predictions may be envisaged®, but for general cases there is no possible BER or system

capacity calculations.

5This issue will be covered in the following chapters
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This chapter covers a special case of the previous chapter for which the same signal
to noise ratio (SNR) is imposed at each mobile station. The multiple-input multiple-
output (MIMO) systems have proved to be very promising in order to overcome the random
fading attenuation of the channel and to obtain reliable point to point communications.
MIMO systems may be used to both extend the coverage of existing cellular networks and
to improve the quality of wireless links. However the relative closeness of the antennas make
the MIMO channels correlated. Therefore in a large scale fading case or shadowing, all the
MIMO channels can experience deep fading. One promising solution is to use distributed
MIMO [49,50] or cooperative systems which separate MIMO elements in space or time and
therefore making MIMO channels independent. Since the proposition of this technique,
it has been a very hot research area and a large number of works addressed the problem

deeply.

The first hop of the proposed system is the link between the BS and the RSs. We are
assuming that a good high speed link exists between the base station and relay stations.
This assumption is quite realistic since the BS and RSs are considered to be fixed. For
example a good optical link can be used between BS and RSs. Furthermore not only error
correcting codes may be used in relays, cyclic redundancy codes (CRC) codes may be also
used at relays to detect any errors and to ask the BS to resend the defected information.
When the data is decoded correctly at the RSs, the noise effect of this link is removed [9].

As a result, the first hop of our channel is assumed ideal.

In the second hop of the system, the relays will transmit the decoded data to the
MSs. The problem is now to make the relays cooperate to eliminate the multiple access
interference and to maximize the signal to noise ratio at each MS. To achieve this purpose,
a kind of beamforming is used in relays to make the intended signal for the jth MS to be

sum up coherently and all the other signals to be canceled out at this MS. In the proposed
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scheme the beamforming and multiple access interference (MAI) cancellation are performed
by means of some precoding vectors at RSs.

The rest of this chapter is organized as follows: The system model is explained under
Section 3.1. The precoding vectors are calculated in Section 3.2. Two cases are studied based
on whether or not a given relay has the channel state information (CSI) of other relays. The
system performance is theoretically evaluated under Section 3.3. The pdf of the SNR for the
case of two mobiles and arbitrary relay numbers is analytically calculated under 3.3.1. Using
this pdf, the diversity gain is also derived. The diversity gain of the system is discussed
under 3.3.2. For the case of more mobile stations, the SNR distribution is approximated
by a mixture of Nakagami laws. This approximation, leading to the calculation of SEP is
covered by 3.3.3. Section 3.4 provides some simulation results and confirms the theoretical

predictions of the system performance.

3.1 System model

As depicted in Figure 3.1, the system is composed of one base station with M antennas,
which sends N symbols s; to sy respectively to N mobile stations MS; to MSy via L
not-moving relays each with R antennas'. A two hop communication scheme is considered.
In the first hop, the base station sends the signal to the relays. The relays will then decode
the received signal and multiply it by some precoding vectors before transmitting them to
mobile stations in the second hop. The BS to RS links are considered to be error-free. In
the remainder of this chapter we will focus on the second hop of the communication where
L relays cooperate in sending each of the N data symbols to their intended mobile stations.

The link from the ith relay to the jth mobile station is assumed to be a flat fading Rayleigh

!Note that R denotes the number of antennas in a relay and not the number of antennas
which is denoted by L
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Figure 3.1: System model

channel h;; ~ CN(0,Ig) of size 1 x R. The channel state information is assumed to be
known at the transmitter. The receivers however do not use any information of the channel.

We define s = [sq, s, - --sN]T, with s; to sy being N M-ary Phase Shift Keying (M-
PSK) unitary symbols (i.e |s;|* = 1). Each relay RS; will then multiply its received signals

by a set of precoding vectors W; each of size R x 1:

X, =Y swh . i=1- L (3.1)

The relays will then send these signals to mobile stations, the received signal at MS; (the

jth mobile station) is given by:

L
Yi = Z hi; - x; +n; (3.2)
i=1
L N
= (hl] Sj/Wé»x) +TL]‘ ,j:]_,"',N
i=1 7'=1

with n; ~ CN (0, No) being a white additive Gaussian noise. This equation may be rewritten
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as.

with y = [y1, 2, - - 'yN]T and

hil
Hoo | =1L (3.4)
h;y
L 4 NxR
and
W= [ wi|w ‘WHRW =1, L (3.5)

Since we want the MAI to be canceled in (3.3), that is to say we want y; to depend only

on s;, we must guarantee that (Zle H1W1> be a diagonal matrix.

Now we define H and W as:

H = [ H, H, --- Hp ] (3.6)
hi; hy -+ hpy
hi2 hyp -+ hp
hiy hoy -+ hyy
L 4 NxRL
W, wi owi oo wh
\)\% wi owi o w3
w=| ‘=" N (3.7)
L L .« ..
[ We ] W W N | ppxn
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Using (3.6) and (3.7) we can rewrite (3.3):
y=HWs+n (3.8)

We note that HW is an N by N matrix that we require to be diagonal.

3.2 Calculation of precoding vectors

In this section we will calculate the precoding vectors that allow a coherent detection and
eliminate the multiple access interference at the mobile stations. As stated above the
precoding vectors must guarantee that each MS receives only its intended information. To
do this we will calculate the precoding vectors such that HW be a diagonal matrix. The
jth element on the diagonal of HW determines the signal to noise ratio of the jth MS. In
this chapter we focus on the case where all MSs have the same SNR (i.e HW = gIy with
g being a positive real number indicating the system gain). The case where different SNRs
may be fixed for each MS is addressed in the previous chapter, where due to the complex set
of equations no theoretical prediction of the system performance is provided. Two scenarios
may be considered. In the first scenario we will assume that the complete CSI is known at
each RS. It means that each relay knows not only its own channel to the MSs, but also the
channels between other relays and MSs. In the second scenario we assume that each relay
knows only its own CSI. Second scenario is more flexible in the way that it does not require
relays to have the CSI knowledge of other relays. In this case each relay can calculate its

relative precoding vectors independently.
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3.2.1 Case I: Complete CSI for all relays

When all relays have the complete CSI, mathematically the system would be the same as
one relay with RL antennas. However having L relays each with R antennas as presented
here will have the advantage of preventing the entire system to fail if one of the relays (i.e.
all antennas of it) falls in a deep fading region. As stated before, in order to cancel the

MALI while imposing equal received power for all MSs, we must find a W that satisfies:

Hyx.rWigxny = 9ly (3.9)

with ¢ denoting the system gain which is determined by available relaying power. For
simplicity we will first solve the system for ¢ = 1 and find W’ (i.e. HyxrW7 g v = In),
then we will scale the answer to available power to find W. The solution to (3.9) exists
if and only if H has full row rank (i.e. RL > N). If such is the case, W’ will be the

Moore-Penrose pseudo inverse of H:
W =H' (HH') (3.10)

When the total number of relay antennas (LR) is equal to the number of mobile stations

(N), pseudo inverse reduces to an expensive way to calculate inverse and we will have

W =H"

Now we will scale the precoding vectors to available transmission power P:

P /
wo YW
W

(3.11)



70 CHAPTER 3. PRECODING USING PSEUDO INVERSE

By substituting (3.10) and (3.11) in (3.8) we will obtain:

+
S n
”IIT (IIIIT)il H

y = (3.12)
It is obvious from (3.12) that the jth element of y depends only on s; and not on the other

data symbols. As a result the system can be considered as N parallel channels each one

transmitting a symbol s;.

3.2.2 Case II: Independent relays

When each relay knows only the channel coefficients of the links between itself and the
MSs, the precoding vectors of the ith relay (i.e. W;) must be calculated only as a function
of the channel between RS; and MSs (i.e. H;). That is to say for all i = 1--- L, W, must
satisfy:

H; vy Wirxn) = giln i=1,---,L (3.13)

The equation in (3.13) has an answer if H; has full row rank, thus the number of antennas
in each relay must be greater than or equal to the number of receivers (R > N). Of course
this criterion is much more difficult to obtain than its counterpart in the first case, but on
the other hand relays do not need to be inter-connected to each other. Precoding vectors

of the ith relay are given by:

VP, W .
W, = i =1,---,L 3.14
W] ' (3.14)

with P; being available transmission power in RS; such that > P, = P and

-1
W,-ij(HiHZT) . =1L (3.15)
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By substituting (3.14) and (3.15) in (3.8) we obtain

L
y:ZyiJrn (3.16)
i=1

In this equation, y; is the contribution of the ith relay in the received signal and is given

by:

VP
yi =

= s , i=1-,L (3.17)
! (B |

Note that y; (printed in bold letters) in (3.16) and (3.17) is different from y; (printed in
italic letters) in (3.2). y; is a single symbol received by the jth mobile station while y; is
an N x 1 vector that denotes the contribution of the ith relay in the received signal of all
MSs. Once again, (3.16) and (3.17) show clearly that MAI has been canceled out and the

system can be seen as N separate channels.

3.3 System performance

In this section we will evaluate the performance of the proposed scheme. We will develop
an analytic expression for the diversity gain for the case of two mobile stations (i.e N = 2).

For higher number of mobile stations a semi-analytic approach will be presented.

3.3.1 Analytic calculation of the diversity order for N = 2

Let us consider the instantaneous SNR of a given telecommunication link as a random
variable v = 73, where 7 is a deterministic positive quantity, and 3 is a channel-dependent
nonnegative random variable with its pdf denoted by f(f). Suppose that f(f) can be
approximated by a single polynomial term for 8 — 0 as f(8) = af' + o(58'"¢), where

e > 0, and a is a positive constant. It has been proved [51] that the diversity order of the
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given system will be G4 =t 4+ 1. Note that if f(/3) is well-behaved around g = 0 so that it
accepts a Taylor series expansion at § = 0, then ¢ is just the first nonzero derivative order
of f(B) at f = 0. As a result, we need to evaluate f(7), the pdf of the SNR of the proposed
system, for the the low-probability event that the instantaneous SNR becomes small (i.e
v — 07 or equivalently 5 — 07), in order to derive the diversity gain of the proposed

system.

From (3.12), we can write the received signal at the jth MS as:

_ VP
It (HE?) |

Y; Sj + n; (318)

For an MSPK modulation, the instantaneous SNR of (3.18) can be written as:

B P
No|FLF (HEL) ™" ||

v (3.19)

Knowing that ||A]|? = trace (ATA), the quantity in the denominator of (3.19) can be

further simplified as:

[HT (HH) ™ |[2 = trace ((HT(HHT)*)T HT(HHT)*)
= trace (HH") "THH'(HH")™")

= trace(HH')™* (3.20)

where in this development we have used the properties trace(AB) = trace(BA) and

trace(A) = trace(A'). Thus we can calculate ~ as:

P 1 P

7= No trace (HH)-1) - FOB (3:21)
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where 8 = 1/trace (HH')™!). The term Hh in (3.21) is called the Wishart Matrix 2. We
ill lculate i .
will now calculate BLI(I)L f(B)

The joint pdf of A\; and Ay, the unordered strictly positive eigenvalues of the Wishart
matrix HH' equals [52]:

1
f(A, X)) = 5}(;5(Alxz)"—%-(h“?)ul — Xo)? (3.22)

where K, is a normalization factor and we have posed n = RL for simplicity. Since
f(A1,A2) is a pdf function, the normalization condition [[ f(A1, A2)dM\dAy = 1, yields
Kop=(n—1)l(n—2).

Considering that trace(A™!) = /\i with \; being the eigenvalues of A, we can express

[ as a function of the eigenvalues of the Wishart matrix:

1

5= - (3.23)
 trace (HHT)-1) /\—11 + /\% '
We set x = )\il and y = /\il, the Jacobian of this transform is:
2281 Ol 1
1 1 e o -= 0 1
J== =)= 2 =] & = — (3.24)
x Y ANa O 0o -1 x7y
ox Jy y?

Thus the joint pdf of the new random variables X and Y is given by:

1 I\"? 1,1, /1 1\* 1
— K7V = -Gty (2 _ 2
fXY(xvy) 2 2,n (Iy) € Y T y l,ng

1 1\" . 1 1\?
(L) e (Lo 025
xy r oy

2In statistics, the Wishart distribution is a generalization to multiple dimensions of the chi-squared
distribution, or, in the case of non-integer degrees of freedom, of the gamma distribution. It is named in
honor of John Wishart, who first formulated the distribution in 1928.
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Now we will calculate the pdf of the random variable U = % = /\il 4+ =X+4Y. The

1 _
B A2

first step is to calculate the probability of U < u:

+oo
PU<u)=PX+Y <u)= / / fxy(z,y)dydz
0
oo uU—x n - 1 1 2
/ / 1[(2” ( ) e~ Gty (— — —) dydx (3.26)
roy

Now fy(u) is obtained by differentiating this equation with respect to u:

d | " a1 1)?
_ - *(;Jrg) - _ =
fulu )—duPU<u du/ / 2 2m( ) e (x y) dydx

1 v 1
_ KQ_TIL/ (_ _ )26—u/x(u m)dl,
2 0 x”(u —z)"'r u-—=x

= 1[(2]1 / F_(u—20) e WTu=T) gy

2 0 x"“(u _ $>n+2
1
= 5ngjlzwn(u) (3.27)

Noting that the integrand in (3.27) is symmetrical around the point x = u/2 and using

the substitution ¢ = ﬁix) we obtain:

W2 (e —2x)?
M) =2 [ e

oo At 1
:2/ 4 x (—) X —/u? —u/t x et

U2
22n+3 +OO
- —4t/“dt 3.28
u2n+1

To evaluate (3.28), we expand /1 — 1 for ¢ > 1:

+oo
1 2k — 2)! 1
1-1/t)7=1-) :2%51(1@— i)'k'.t—k for |1/t < 1 (3.29)
1 R
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In this case, we obtain:

22n+3 +<X> —4t/u

22n+3 = (2k-20 1,
_Z _ —1o—4t/u
R /1 'l kz:; 22k=1(k — 1)Ik! tk]e dat

22n+3 [ oo u +oo (2]{7 _ 2)] +o00
- n,—4t/u g3 n—k _—4t/u
= /1 tre~ et ; SC =TT /1 tn ket gy

22n+3 [ +oo it (2/€ _ 2)] +oo
_ n, —4t/u jp n—k _—4t/u
= /1 the Mt ; T i /1 ket u

+00 2k,_2 +o00 74t/u
_22%1 —1'k'/ th— ot

92n+3 " 2%k — 2)! R 2%k — 2)!
YTEsY [F”<“) -2 22k(—1(k — i)!k!F”"“(“) -2 2%E1(k — i)!k!Gk_n(u)]

k=1 k=n+1
(3.30)
with (by setting ¢t = x + 1):
+oo +oo
Fo(u) = / tmedt/udt = / (14 z)me D/ ugy
1 0
- too - o Tut]? Lu
p=0 0 p=0 0 4 4:
n ptl [T n p+1
=y on Y] / petar=e S [ T+ )
p=0 0 p=0
n ! p+1
 ap m! w
‘ ;p!(m —p)lart?
m ! p+1
_ —4/u m-w 3.31
¢ Z(m_p)1‘4p+1 (3.31)
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and

l\D

m—

4 4p (m—p—2)! gm=1 !

—1)!

p:0

with Ei denoting the exponential integral:

+o0o —t
Ei(x):/ dt:—lnx—v-kz

Now that we have calculated fy(u), the pdf of 3 is straightforward to obtain:

1
5:ﬁ:>f(ﬁ) ﬁsz<5)
which yields:
— n n— - —2)!
£(8) = K52+ | B (1/8) - Z LI
o Z 22k I |]€|G"C n(1/8)
k=n+1
with
1 e m)! 1
Fm(E) =e ¥ p;o (m — p)! 4p+13p+1
and
Lo a8 (m —p —2)! . G
Gm(ﬁ) =c u (_1)}7 (m _ 1)' + <_1) lum—l(m _ 1) (46)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)
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Now that the expression of the pdf of the SNR is obtained, we can calculate the SEP by [53]:

P, - / T 2Q(VEB) F(8)dp (3.37)

0

where @ denotes the Q-function and k = 2sin*(Z%) is a constant determined by the mod-
ulation. In order to calculate the diversity order of the system we need to determine
the first nonzero derivative order of f(3) at = 0 [54]. It is obvious that the small-
est nonzero exponent of § in (3.34) is obtained from the term **~'F,(3) and equals
t=2n—1—-—n—-—1=n—-2 = RL — N. As a result diversity order is given by
Gg=t4+1=n—-1= RL— N+ 1. In the next section we will discuss why this re-

sult is intuitively correct.

3.3.2 Disscussing the diversity of the system

In this section we will discuss the diversity gain of proposed scheme. We will argue for both
scenarios, i) when all relays have the complete CSI of the system, ii) when each relay knows

only its own channel to the MSs.

Case I: CSI Known to all relays

When the channel coefficients of all links are known to all relays, mathematically the system
is equivalent of one relay with LR antennas. There are thus LR antennas cooperating to
send a signal s; to its destination MS; , the maximum diversity order is therefore RL. But
the difference with a usual MIMO system is that here we have multiple access network and
we want to cancel out the MAI. At each mobile station there are N — 1 undesired symbols
to be canceled out. Thus the system has less degrees of freedom and the diversity order is
expected to be:

Gi=LR—(N—-1)=LR—-N+1 (3.38)
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Case II: Independent relays

Let us consider a single R-antenna relay sending information toward NV single antenna users,
using (3.38) we can say that the diversity order is R — N + 1. Now assume that we have L

relays cooperating to send the information thus the diversity gain is multiplied by L:

Gi=L(R—N+1) (3.39)

This is also intuitively correct, in the second case when each relay knows only its own
link to mobile stations, lower diversity is obtained. In this case, like the former, there
are LR replicas of the message at each mobile station. The maximum achievable diversity
is therefore LR. The difference in this case is that each relay performs independently of
other relays. As a result, each relay must cancel out MAT (i.e. N — 1 undesired symbols)
by itself. There are N — 1 limiting constraints per relay. Thus the diversity would be
LR—L(N—-1)=L(R—N+1).

These results are verified under the section 3.4.

3.3.3 SEP semi-analytic calculation for arbitrary N

Analytical calculation of the pdf of v for arbitrary number of mobile stations if not impos-
sible is very difficult. An alternative method is to approximate the distribution of SNR. In
this work we have used a mixture of Nakagami distributions to approximate the pdf of the
instantaneous SNR, .

The pdf of a Nakagami distribution, parametered by a shape parameter p and a scaling

factor €2, is given by:
2ut
[(p)Qm

f(z) = L exp (—ﬁ:ﬁ) (3.40)

Q

A mixture of J Nakagami distributions is defined as a random variable whose value is
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selected randomly from one of the given Nakagami distributions f;(z) to f;(z):

X|(Z = j) ~ Nakagami(p,,$2;) (3.41)
where Z, called latent variable, is a random variable that takes a value from 1,2,---,J
respectively with probabilities 71, mo, - - - , ;. Thus the mixture of J Nakagami distributions

has the following distribution:

J u} 10
Z QM i~ exp (—Q—sz) (3.42)

—1 J

The problem is now to find the most likely values of parameters in our probabilistic model
(ie. mp---my, pg--- g, and Qp---Qy). It is obvious that a maximization algorithm by
searching all of the possible values of 7}, 1;, and 2; is too complicated. As a result Expec-
tation Maximization (EM) [55-59] is used. EM is an iterative algorithm which alternates
between performing an expectation step and a maximization step. Given a likelihood func-
tion L(0;x,z), where 0 is the parameter vector, x is the n samples of observed data and
z represents the unobserved latent variable, the maximum likelihood estimation (MLE) is
determined by the marginal likelihood of the observed data L(8;x). The EM algorithm

seeks to find the MLE by iteratively applying the following two steps:

e Expectation step: Calculate the expected value of the log-likelihood function, with
respect to the conditional distribution of z given x under the current estimate of the

parameters 8. With I being an indicator function:
I(z; = j) = , (3.43)

The log-likelihood function is determined by:
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log L(0;x,z) = Z ZH(ZZ =J) [log m; +log(24;”)
o (3.44)
B N K 2ui—1 _ Hj 2
log I'(11;) — log Q7 +logz; Q_xz

J

Given the current estimate of the parameters, the conditional distribution of the Z; is

determined by Bayes theorem to be the proportional height of the Nakagami density

function weighted by 7:

T 2 P(Z; = j|X; = x;;0%)
(t) ., B o) 3.45
5 f(Xz'aNj an ) ( )

= J t t t
S s Q)

Finally the expectation step results in:

<

n

QA16W) £ E {log L(6;x,Z)} = ZZT](

i=1 j5=1
log 7; + log(245") — log T'(p1;) (3.46)
— plog € + (25 — 1) log i — %fﬂ?]

e Maximization step: Find the parameters which maximizes the quantity Q(0]0®).

In order to maximize Q(6]6"), the partial derivatives of this function must be calcu-

lated: "
(t) mo2T
8Q<0|6 ) — O — Q Z’L 1 l ] )

(3.47)
an T Zz 1 jl



81

and

00Q(6]6W "
Hj i=1

ZTJ'(;) <log Q; —2logx; + Q—l +1- @D(Mj))

i=1 J

(3.48)

where ¢ (x) denotes the polygamma function of order 0: ¢ (z) = ROR

Even though (3.48) may be solved iteratively, since the ¢ function has the values
around 1 in the domain of interest, without the loss of precision the equation in
(3.48) may be approximated by:
ST (1og Q) — 210 v+ L
i=1 14 giij &LiT g,

i=1 "3,

In this work a mixture of 6 Nakagami distribution is used to fit the pdf of random vari-
able 1/trace((HH')™!) of the matrix H of size N x P with h,, ~ N(0,1). The mixture

parameters for some values of N and P are given in Table 3.1.

N | P ™ u Q

0.14 0.30 0.18 0.22 0.11 0.05 [ 1.2091.81.31.0 3.2 | 0.17 0.2 0.4 0.5 0.7 0.7
0.12 0.18 0.22 0.24 0.11 0.13 | 1.5 1.9 2.3 2.1 2.0 3.2 ] 0.29 0.5 0.70.9 1.3 1.6
0.050.09 0.16 0.26 0.16 0.28 | 2.52.93.33.13.03.2 1 0.340.81.11.41.6 24
0.01 0.03 0.07 0.17 0.18 0.55 | 3.53.94.34.14.03.2]0.4209 1.3 1.8 2.3 3.0
0.00 0.00 0.01 0.06 0.13 0.80 | 4.5 4.9 5.35.15.03.2|0.68 1.2 1.7 2.5 3.0 3.8
10 1 0.06 0.11 0.17 0.33 0.12 0.21 | 5.5 5.96.3 6.1 6.0 3.2 | 4.18 5.1 5.9 7.2 6.6 7.2

wo| wo| wo| ol wol wo
oo| ~1| | o] =

Table 3.1: Parameters of Nakagami mixture

We must now calculate the SEP for a receiver with a signal to noise ratio following the

Nakagami distribution:

f(z) = 2~ exp (—%ﬁ) (3.50)
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For an M-PSK modulation with an SNR of ~, instantaneous symbol error probability (SEP)
is given in [60]: P.(y) = 2aerfe(y/By) — [aerfe(v/B7)])? where « = 1 — (1/v/M) and 8 =
3/[2(M —1)] and erfe(r) = = f;oo e~ du. A very tight approximation of this formula is

™

P.(v) =~ 2cerfc(y/fy). Averaging this probability over different values of v yields:

p— /0 " b () f(u)du (3.51)

with f(u) denoting the probability density function of SNR. Assuming that the SNR follows

a Nakagami distribution and using o2 to denote the average noise variance we obtain:

2 2 5 21 2. \2u—1_— £ (o2u)?
fu) =0fn(cu) =0 I )QM(O' u)*H e
1
3.52
_ Qﬂlio-‘l# u2u—16—“6iu2 ( )
I(p)2
Substituting (3.52) in (3.51) results in:

_ +o0 4&#‘“04“
Pe:/ P,(u)f(u)du = —————L 3.53
[ Rt = (3.53)

with:

400 4 9
L= / e Cerfe(y/Bu)du (3.54)
0

In order to evaluate (3.53), we set = n+¢ with n being a non negative integer number

and 0 < ¢ < 1. First, we will integrate the following function:

4
f(z) =21 exp(—%;ﬂ) — p2n—1426 - ha? (3.55)
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with A = %‘4 Using the variable substitution u = A\t?, we can write:

x 1 2
_ 2n—1+42¢6 A2 5, n—1+¢ —u
F(x) —/0 t e dt = 2)\n+§/0 u e “du (3.56)
The integrals of form I,,(z) = fox u™ e "du need to be calculated. Integrating by parts

yields:
I,(z) = / u™ e du = —2™ e 4 (m + €)1y () (3.57)
0

This is a recursive expression of I,, with Iy = I'(z,£ 4+ 1) = [ ufe""du being the lower

0

incomplete Gamma function. As a result F'(z) can be calculated by:

1
F(I’) = m[mfl(Ax2)
1 —
= Synre [~ 4 (m — 14 &) 0 (A2?)]

- 2)\_}z+§ {2 (m— 14 6) [-2™ 2 4 (m — 2+ O L3N]}

1 m— —Az? m— —Az?

= e (0T (- 14 ) (a?)e (3.5
—(m=14m—24E€) - (m—k+1+&A\a?) e
+ ...
—(m—1+&)(m—2+&) - (2+&(Na?) e
Hm =14+ m =248 -1+ (A? £+ 1)]

Using this result and noting that:
4 rto(/Bu) = _VPe ™ (3.59)

du /U
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the quantity L in (3.54) can be calculated as:
+o0 uot o
L= / u* e "o Werfe(/fu)du
0

_ [F(u).erfc(\/@)];roo + \/g /0 P e\_/[;du
_ \/g /0 m F@)?%“du

ﬂ oo 1 2\m—1+€ _—AIu? 2\m—2+€ —u?
V| s [_(Au) e (m— 1+ &) () 2HEe

—(m—=14m—=24E6) - (m—k+1+& 2" Ftee

(3.60)

+ ...

—(m =14 =246 2+ P e
Hm =1+ (m =1+ 2+ T (M € +1)] e\gdu

We start by calculating the integral containing T'(Au?, & + 1):

_/gu

Lo = /+OO (Au,£+)\/_du

- [ routes eV,

\@ MO+ et (Al - [

0

7| oo 2
=,/=|T(E+1)— / 22u(Mu?)ce erf(\/ﬁu)du}
T : : oo 2
= \/j rE+1)— 2/\5“/ u2ettemu erf(\/ﬂu)du}
B 1 0

“+00

%(Aqﬂ,f + 1)erf(\/ﬁ_u)du1 (3.61)
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We will use the series development of the error function:

o (VB o VBN W
erf(\/ﬁ_u):ﬁ/ e dm:ﬁ/o ;(—1 —dx

ﬂn—i—l/Q n+1/2

\/_Z n‘ (2n+1)

(3.62)

We can now calculate the integral in (3.61):

ﬁn-‘,—l/Q

“+o0 —+o0
2641 —u? 26+1_—Au?, n+1/2
U e erf u)d U e U du
/0 (v/Bu) \rz n' 2n+1) /0

“+o00 n 00
_ 2 Z (_ ) ﬁ /2 /+ un+2§+3/2€—Au2du
T nl (2n+1) Jo
( ) Bn+1/2 d (363)
£+n/2+3/4 —z 0T

n! (2n+1) \/‘ 2z

(_1)n ﬂn+1/2
nl (20 1 D)AB/zes/

3
I

+
8

+ 3
g L

T'(n/2 + € +5/4)

S-Sl

3
Il
o

Thus, we obtain:

—+00

{I‘(ﬁ +1) — 2)\5“/ uX e erf(y/Bu)du
0

N IR (1) B E (S + €+ 2)
VT = nl(2n 4 1)AETET

LOZ

e

LE+1) - ]

Now, we will calculate other integrals in (3.60); the integrals of form L, need to be

calculated:

I :/+ 2r+2§€’36 quu_\/7/ U2+ ,\2d[erf(\/ﬁ“>]

+o00
= _2\/>\/ erf BU —u? [(T—{—f) 2r4+2¢€—1 )\u2r+2§+1}

(3.65)
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The integral in (3.65) can be expanded into two integrals L,, and L,, both of which will be

calculated using the series development of the error function:

+o0
L, :/ w2 TE e o (/) du
0
+00 n+1/2 n+1/2
— 2r4-2¢—1 f)\u 5 d
/0 " Z n' onen
+oo n o0
_ i Z (_1) £ e /Jr u2r+2£flun+1/2€f)\u2du
VT i nl (2n+1)
+00 n en o (3.66)
_ i (_1) £ /2 - 2r4+26+n—1/2 —Au?
=7 Z 2t D) u e du
0 n n
n=0
+oo n ¢n 00
— i Z <_1) 5 +1/2 L * E r+§+n/2—1/46—m dl'
Vi ol 2n+1) VX o A 2\/x
LR (D Y T4 n/241/4)
ﬁ ot n! <2n + 1) 2\rHétn/2+1/4
And:
+o0 9
L,= / P TR A orf (\/ Bu) du
0
— /+ 2r+2§+1 —u? Z ) ﬁn+1/2 n+1/2)du
0 \/_ nl (2n+1)
“+oo n o0
_ (_ ) g e /+ u2r+2€+1un+1/26—)\u2du
nl (2n+1)
(3.67)

—1)" Bn+1/2
(2n+1

—nr g e L\r+e+n/2+3/4 dx

n 2n+1)VxJ, A 2\/T

—1)" B2 T(r+ € +n/2+5/4)
n! (2n+1) A\ +Hé+n/2+5/4

+0o0 )
)/ u2r+2§+n+3/267/\u du

—~

% 1004 L1
3

|
+ 3
g &
~~

Si= Sl Sl i

3
Il
o
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L, is calculated by summing up L,, and L,,:

“+o00

Zo ”! (2n + DN HEFEHS {(T+£)F(r+§+§+z

Z( \/g) (7‘—1—5—1-7:/24—1/4)

5
7

)T +¢+5 +

\
A1

(3.68)

In the last development we have used the well known property of Gamma function: I'(z +
1) = 2I'(z).
We can thus calculate the SEP of a system for which the SNR of the received signal has

the Nakagami distribution:

_ Adoptot
P = T
— %@[Lnl —(n=1+&)Lnys+ ...
=14+ ) =24 (n—k+1+E) L ot (3.69)

—(n—=14+8n—2+6)..(2+ &L+

+(n—14+8n—-2+¢€)..(1+&)L,

Where Ly is given in (3.64) and L, for r > 1 is given in(3.68)

e Special Case: SEP for higher SNR

Although the series in (3.69) is strictly convergent for all SNR values, we can note that

for higher SNR, since 02 — 0 (i.e. A — 0), the series will converge more slowly. We

have developed an alternative formula to overcome this problem. Starting from (3.53) and
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applying integration by parts, we obtain:

_ Aoy uo.4u 400 B —ﬁu
Pe highsNr = W/O w et 2erfc(\/ﬂu)du

4p 00 n,n4n 400
_ dapto™ Z <_1) w-o \/E 1 / u2(u+n)—%€—ﬂudu
Flp) = nlQr m2(pn+n) J

+oo n,n . 4n 00
= 404#‘(74# Z <_1) I o’ \/E 1 /+ t2(u+n)_%etdt
F(u)Q# — nlQn T 2ﬁ2u+2n+%(,u + n) 0 (3.70)

4aljllto.4u +00 (_ 1)nuno.4n \/E 1 1
= — (2 —
T ()2 nzg nlQr 7 2B E (1 + ) (2(u +n) + 3)

20 *i (=1)" et D(2(p + n) 4 1/2)
V() nlQ ) B2t (1 + n)

n=0

In order to obtain (3.70) we have used the derivative of error function (3.59) and the series

development of the exponential function as well as the definition of Gamma function.

The series in (3.70) is divergent, however if only a few terms are used, and for high
values of SNR (i.e. 0 — 0), it can give a very tight evaluation of the SEP. In fact for high
values of SNR, (3.70) diverges very slowly (and not within the first few terms) just like

(3.69) converges very slowly.

Now that we calculated the SEP over a single Nakagami distributed SNR, we can proceed
to the calculation of SEP of a system with a signal to noise ratio following a mixture of
Nakagami distributions. If the SEP corresponding to the jth Nakagami law is denoted by

P, (15,2;), the overall symbol error probability of the mixture will be given by:

J
Pec = Zﬂjpej (ﬂja QJ) (371)
j=1

This calculation is confirmed by the simulation results.
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Figure 3.2: The theoretical value of the pdf of SNR for the case N=2, RL=10 based on
equation given in (3.34)

3.4 Simulation Results

This section introduces some simulation results that confirm the equations in the previous
sections. All simulations are obtained for quadrature phase-shift keying (QPSK) modulation

using Monte Carlo method in MATLAB.

We have derived an analytic expression in (3.34) for the distribution of SNR, of proposed
system for the case of two mobile stations (i.e. N = 2) and arbitrary antennas. As can be
seen in Figure 3.2, this result is verified by simulation. This figure shows that for the case
N = 2 and LR = 10, the theoretical and simulated curves are very close. Since the most
significant part of the fz(5) for system performance evaluation is the part where 3 is small,
it is more interesting to see the behavior of log(fs(3)) for small 5. This behavior is shown

in Figure 3.3 where logarithmic scale is used.
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Figure 3.3: The theoretical value of the pdf of SNR for the case N=2, RL=10 in logarithmic
scale

Under section 3.3.3 we have used a mixture of Nakagami distributions to approximate
the SNR. Figure 3.4 shows that the Nakagami mixture is a very good approximation of
the probability density function of the signal to noise ratio. The curves are obtained for
the case of one four-antenna relay and 3 mobile stations. Since the system performance for
high SNR depends only on the behavior of this curve near the origin, the same curve has

been traced in logarithmic scale in Figure 3.5.

As stated under section 3.2, there are two possible scenarios depending on whether
or not the relay stations are provided with the knowledge of channel state information
of other relays. Figure 3.6 shows the system performance in both cases when 2 three-
antenna relay stations cooperate in sending a message toward two mobile stations. It
shows that if the channel information is available to both relays, lower bit error rate and

higher diversity is obtained (2 x3—2+1 = 5). This is at the cost of more complexity in the
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Figure 3.4: Comparison between the Nakagami mixture approximation and the Monte-
Carlo simulated values of SNR

transmission protocol. On the other hand, if each of the relays knows only its respective
channel information, the system is more practical at the cost of higher Bit Error Rate
(BER) and lower diversity (2 x (3 —1) =4).

Under section 3.3 a theoretical expression was given for the SEP of the proposed system
in (3.69) and (3.70). Figure 3.7 shows the system performance for the case of 3 mobile
stations and different number of relays. The relays are assumed to be inter connected (i.e.
CSI from all relays is known to all relays). Obviously, when complete CSI is considered at
relays, there is no mathematical difference between the system equations of a system with
two two-antenna relay stations and that of a system with four single-antenna relay stations.
The only difference is that in practice, four separated enough single antenna relays have a
better chance to benefit from independent channel fading than two two-antenna relays. It

is clear that the theoretical expressions in (3.69) and (3.70) provide a precise evaluation of
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Figure 3.6: System performance (L =2, N = 2, and R = 3) for i) when CSI is known to
both relays and ii) when each relay only has its own relative CSI
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system performance. In the following figures, only the simulated data is traced.
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Figure 3.7: System performance when the CSI is known to all relays for 3 mobile stations
(RL = 3) and 4, 5, 6, and 8 single-antenna relay station (RL = 4,5, 6, 8)

Figure 3.8 shows the BER as a function of Ej, /N for different number of mobile stations
(N =2---5), all for a given number of relays (L = 2) and relay antennas (R = 4). Using
more relay antennas compared to mobile stations results in lower BER and higher diversity
gain. We can see that when the mobile stations outnumber relay antennas, an error floor
appears in the curves. Note that in this figure relays are considered to have no knowledge of
the link between other relay and mobile stations. The diversity is thus 2 x4 —2(2—1) = 6,
4, and 2 when number of mobile stations is respectively 2, 3, and 4.

Figure 3.9 depicts the system performance for different number of relay stations. All
curves are obtained for 3-antenna relay stations and two mobile stations. The only difference
is the number of relay stations contributing in signal transmission (L = 1,2,3,4). As we can

see, higher relay numbers results in better system performance. The relays are considered
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Figure 3.8: System performance for two independent 4-antenna relay stations with different
mobile station numbers

to be independent, thus the diversity is of order LR — L(N — 1).
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Figure 3.9: System performance for different number of relay stations (independent relays)

We have disscussed under section 3.3.2 that the diversity gain of the system is LR—N+1
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if all relays have the complete CSI, and L(R— N + 1) if each relay has only its own channel
coefficients. These results are verified by Figure 3.10. The points are obtained by simulation
while the lines are traced using the approximation given in (3.69). The figure shows that

the approximation is very tight for high SNRs and that the assumption under section 3.3.2

1s correct.
-0.5 : ‘ ‘
—— Independent relays — N=3, R=3, L=3 (simulation)
A Independent relays - N=3, R=3, L=3 (slope=2)
—— Independent relays — N=2, R=3, L=2 (simulation)
-1 @ Independent relays - N=2, R=3, L=2 (slope=3)
—— Complete CSI - N=2, L=2 (simulation)
B Complete CSI - N=2, L=2 (slope=4)
-1.5
-2
o) 2.5
v@_
o
=]
=

log B

Figure 3.10: The correlation between the system architecture and the diversity gain

3.5 Conclusion

A scheme of multi-antenna multi-relay telecommunication system was addressed in this
chapter. Multiple access interference was canceled out by means of multiplying the signal

by proper precoding vectors at relay stations. Precoding vectors were calculated in a way
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to meet the requirements of two different scenarios. In the first scenario the complete CSI
is supposed to be known by all RSs, while in the second one, each relay knows only its own
relative channel coefficients. The former case has a better system performance and higher
diversity while the later benefits from simpler design and protocol.

Using the eigenvalues of the Wishart matrix, the exact distribution of the SNR was
calculated for the case of two mobile stations and arbitrary transmitter antennas. For larger
numbers of transmitters, the exact value of pdf of SNR is very difficult, if not impossible, to
calculate. We have thus used a mixture of 6 Nakagami distributions to approximate the pdf
of SNR and to evaluate the system performance. Diversity order of the proposed scheme is
LR — N + 1 if all relays have the complete CSI, and L(R — N + 1) if each relay has only

its own channel coefficients. The results were confirmed by Monte Carlo simulation.
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In this chapter we propose a new simple precoding solution based on the Gram-Schmidt
orthonormalization to be used at the relay station (RS) of a multi-relay wireless network
where different mobile stations use the same network, in order to mitigate the multi-user
interference at each mobile station (MS). The strength of this method is that each relay
only requires the channel information from itself to all of the mobile stations. In other
words relays do not need to know the channel information of other relays to calculate their
precoding vectors. Unlike the method discussed in the previous chapters where all mobile
stations benefited from the same diversity gain, using this algorithm, some mobile stations
can improve their diversity gain at the cost of a loss in the diversity order of other users.
This can be used as a simple method to supply different user privileges in the case of a
multi-service network. Furthermore, we perform the power allocation optimization for the
relays. Analytical and accurate performance analyses for the different studied contexts are

provided.

In this chapter, like the previous chapters concentrates on the link between relays and
mobile stations'. Furthermore, we will consider the case of slowly non-frequency-selective
fading channels between RSs and MSs, permitting the mobiles to feed back their channel
state information (CSI) to the relays. We will study the configuration where the relays,
using multiple transmit antennas, send the information corresponding to all the mobiles at
the same time and at the same frequency carrier using optimized precoding vectors. The
objective is to maximize the signal to noise ratio (SNR) at each MS and to mitigate the
multiple access interference (MAI). This is done using the Gram-Schmidt orthonormaliza-
tion process. Using this algorithm the diversity gain is not the same for all receivers and
depends on the ranking of the mobile stations used during the orthogonalization process.

The diversity gain for the first MS can be equal to the total number of transmit antennas

!The links from base station to relay stations are assumed to be ideal. See previous chapters for the
arguments
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in the network (i.e. number of relays multiplied by the number of antennas per relay).

Obviously this is obtained at the price of a loss in the diversity order for the lower ranked

MSs.

Two scenarios are addressed: i) when the transmit power of all relays are chosen ran-
domly and ii) when the transmit power of relays is optimized. For the case of a low number
of relaying stations, the optimization process substantially increases the system perfor-
mance. This is done at the cost of increased complexity due to the centralized strategy. In
other words in this case the relays need the CSI of all relays to mobile stations. In the case
of a higher number of relaying stations, a uniform power allocation strategy will be the best
solution. This strategy also preserves the advantage of only requiring the knowledge of the

channel coefficients of the concerned relay.

The rest of this chapter is organized as follows: the system model is described in Section
4.1 together with the orthonormalization algorithm. The diversity gain is studied under
the Section 4.2, power allocation is optimized in Section 4.3. Theoretical symbol error
probability (SEP) derivations for three different power allocation criteria are given in Section
4.4. Simulation results illustrating the performances of the proposed system are provided

under Section 4.5. Finally the main results are highlighted in the Section 4.6.

4.1 System model and precoding vectors

In this section we will discuss the system model, and calculate the precoding vectors using

the Gram-Schmidt orthonormalization process.
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Figure 4.1: System model

4.1.1 System model

The system model is the same as the one discussed in Chapters 2 and 3. As shown in the
system consists of one base station with M antennas which sends N symbols s; to sy to
N mobile stations MS; to MSy via L fixed relays, each equipped with R antennas®. A
two hop communication scheme is considered. In the first hop the base station sends the
message to the relays. The relays will then decode the received signal and multiply it by
some precoding vectors before transmitting them to mobile stations in the second hop. We
will focus only on the second hop of the communication where L relays cooperate in sending
each of the N data symbols to their intended mobile stations. The link from the ¢th relay
to the jth mobile station is a flat fading Rayleigh channel h; ; ~ CN(0,Ig) of size 1 x R.

The channel state information is assumed to be known at the relays. We define the vector

2Note that R denotes the number of antennas in a relay and not the number of antennas
which is denoted by L
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s of transmitted symbols as: s = [s1, sy, ..., sy]7 with s; to sy being N M-ary phase-shift
keying (PSK) unitary symbols (| s;|° = 1). Since the BS to RS links are considered to
be error-free, we will assume that by the end of the first hop s is received correctly by all
relays. Each relay will then multiply its received signals by a set of precoding vectors Wf
each of size R x 1 and then sends it toward the mobile stations (x; = Zjvzl s;w?). Taking

the same steps as (3.3) and by concatenating all received signals at the MSs in a column

vector y we obtain:
L
i=1

with y = [y1, 2, - - -yN]T and

h;;
h;,
H, = =1L (4.2)
hin
L d NxR
and
WZ_[W?[W; 'WHRN =1L (4.3)
X
By defining H and W as:
H-|H, H, H, | (4.4)
hy;;  hy hpy
B hip  hy hyy
hiy hoy -+ hpy
L 1 NxRL
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T 1 > T—MSI
1 2 R h21

12 R h;

Y Yoo Y T}T— MS»o
Relay 2 22

W, Wi Wy - Wi
W wi w3 - W3
W — 2 _ 1 2 N (45)
W L wk ... wk
HRART B RIS YN ] Rixn
Using we can rewrite (4.1):
y=HWs+n (4.6)

4.1.2 Precoding vectors for simplified system

For simplicity reasons at first we study the case of two RS communicating with two MS as
depicted on Figure 4.2. The results will be then generalized to the case of arbitrary numbers
of relays and mobile stations. In this case the received signals at the mobile stations can

be written as:

(h{lwl + h21W1)31 + (h{1W2 + h21W2)32 +m (4-7)

(h{2w1 + h22W1)51 + (hip2w2 + h22W2)52 + N (4.8)
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The objective is to calculate the precoding vectors wi, w2, wi and w2 in order to cancel

out interference. This means that we must choose the precoding vectors of so that the
coefficient ofs, in (4.7) and the coefficient of s; in (4.8) be zero. This is done by imposing
wi LhT w2 lhl wllh?, and w?LhL,. In order to maximize the signal to noise ratios at
the mobile stations we must maximize the coefficient of s; in (4.7) and that of s; in (4.8);
i.e. maximize hT,w!+hI w? and hT,w}+h%,w2. This optimization problem is solved using

the orthogonal projection theorem as follows [61]:

Theorem 1. Among all vectors z satisfying ||z|| = 1 and X' -z = 0, the vector z = ITx - y

with ITx = I — X(X'X)~'X' maximizes the quantity |z’ - y|. O
Applying this theorem to our optimization criteria yields:

* * * *
1T} b, I, b, I, b7, I}, b,

[N

2 __

Y W 1

W1 2 _

LW (4.9)

* * * *
H Hh’ﬁ 12 H Hh§2 21 H thz 11 H Hh§1

where h* denotes the complex conjugate of h. Using the definitions in (4.9), it is straight-

forward to verify that wi Lh7:

L
h11W2 h{l%
_ hT (I hil(hf{hil) lhll)h*
- 1 N . 12
H II f1h12 (410)
_ h{l B hclrlhil<hclrlh>{l) 1htlrl h*
12
H Hf{i‘lh;
=0

Similarly, we obtain hl w2 = 0, h{,w] = 0 and hl,w? = 0. This shows that hl,w{ +

hl w? and h?zw2 + hl 2W2 are maximized while the MAI cancellation criteria is satisfied.



104 CHAPTER 4. PRECODING BY GRAM-SCHMIDT PROCESS

4.1.3 Precoding vectors for arbitrary number of relays and mobiles

It is possible to generalize this case to the proposed cooperative relaying system of Figure
4.1 with arbitrary number of relays and mobiles. Denoting by xj, the signal sent by the

kth relay , We have the following equations:

Yi :Zhgﬂlxka'Rxl +n; fori=1,2,---,N
k=1

= (h{wi +hiw] + -+ hlw] + -+ h]w]) 5
+ (hf;w} + hjw3 + -+ hl;w) + - + h[,w}) sp-+ (4.11)
+-+ (hfw! + hlw? + -+ hlw!/ + -+ h] w/) s+
(thlWN +howiy + o+ hTWN +F hL@WN) SN + 1

Interference cancellation can be achieved with WZJ_V}EM)

with Vél’k) being the set of
vectors {hyi, hy, ..., hy 1,y gy, ... yy} for £ € [1,N] and [ € [1,L]. The solution is
calculated using the orthonormalization process of Gram-Schmidt [62]. Tt suffices to span
the subspace defined by V(l’k) with a set of N — 1 orthonormal vectors (i.e. Gram-Schmidt
process), and then find the wl so that it spans the vector space formed by {V (L) h;‘k}

among with the vectors produced by the Gram-Schmidt process.

The Gram-Schmudt process. We define the projection of the vector v orthogonally onto the

vector u (see Figure 4.3):

] _ >u = u
proj,(v) = ) (4.12)

where (v, u) denotes the inner product of vectors v and u.
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proj, (v)

Figure 4.3: The projection of v onto the vector u

The Gram-Schmidt process then works as follows for [ = 1,2,--- L:

u
u; = hy, e = m
1
. u
uy = hyy — proj ,, (hy), el = m
2
: . Uusj
U3 = hl?’ — Projy, (hl3) — PIO] y, (hl3), €3 = m
3
m—1 u (413)
u,, = hy, — Z proj uj(hlm), elm = ﬁ
Jj=1 m
N-1 .
uy = hyy - Z proj , (hun), e N = ﬁ
j=1 un
O]

Using this new vector set it is straightforward to calculate the normalized precoding
vectors. What we need to do is to project the vector hjj, to a direction that is orthogonal to
the set {u;1, w2, -+, W1, Wks1, -, un}. This can be seen as another step of Gram-
Schmidt orthonormalization. Note that each step of the Gram-Schmidt process takes a

vector (hy, in the process) and transforms it to a vector which is orthogonal to all previous
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vectors. The received signal at MS; is then given by:

yi = (hi;w; + hg,w? + -+ hiw} + -+ hp,w/) s +n;

N N

hy; — Zj:l,j;éi (hi;,e1;) e Ny — Zj:l,j;éi (h3;, e25) €2
N 2 N

hj, — Zj:l,j;éi (hi; e1;) e, h3; — Zj:l,j;éi (h3;, e25) €2

*

N
r hi— Zj:l,j;éi (hi; ev;)er;

N
hj, — Zj:Lj;éi (hi;,er;)er;

(4.14)

S; +Mny;

Using R — N additional vectors to complete the vector set produced from the Gram-
Schmidt process {el’l, €9 € k1€ i1y s el’N}, the complete basis can be expressed as
{elﬁl,em, e € 1 €k € i1y s €N €L N1 ...,el’R}. We can express hj; in this new basis

. N R *
to obtain h;j; = 23:1 (hj;, e5) e
Then:

R N
D=1 (hijeg)en; =30, i (hi e e
N
‘ hj, — Ej:l,j;éi (hi; ei;) e,

R N
>i—i(hiergyer; — > i (hier;)er;

y: = | hy;

* N *
‘ hy, — Zj:l,j;éi (hi;,er;)er;
R
e e + )0 vy (hi e e
= 1i - ~
hi; — Zj:l,j;éi (hi; e1;) e (4.15)
(h*.,eL7~>eL7~—|—ZR: (hi,,er;)er;
++h€l Li *z zN JN:—l Li J J i 4 n;
hj, — Zj:l,j;éi (hi, er;)er;
N N
= (|5, — D (hie)en;|| +-+ |hp,— D (i en;)er|)si +n
J=1j#i j=1,j%#i

L
= (Z /\k,i> S; + 1y
k=1
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2 2 2 R 2
with A2, = | = (B e+ i vy | (i, )

N
hy; — Zj:l,j;ﬁz‘ (hy;, ex)) e

4.2 Diversity order study

To obtain an accurate estimate of the potential diversity gain, we have to characterize the

random variables AZZ To do this, using the Gram-Schmidt process, we can write:

i1
€k = [k (hki - Z (e, hy;) ek,j) (4.16)

=1

with:
1

- (4.17)
‘hkz - Zj:l proj ek,j(hki)

Hii = ‘

Then, using the orthogonal basis, we have hy;, = Zle (€.j, hy;) ex ;. Substituting this into
(4.16) yields:

R i1 R
€k = [k (Z (er,j, i) ey — Z (ej, i) ek,j) = Ik, Z (er,j, hpi) e (4.18)

i=1 j=1 j=i

from (4.18) we can see that for j > i, (ex;,hy;) = 0. Using this property, )\%J can now be

simplified as:

i—1 i—1
A = Hi <hku i — > (ex;, hii) ek,j> = i ((him hi) = [(ewy, hki>|2> (4.19)

J=1 J=1

Using (4.19) we can obtain the characterization of A} ; by mathematical induction

e For i =1, we have e;; = hy/ ||hy || thus:

2

h
= b, o) = (B )| = i (420)
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Since hy; is a vector of R complex Gaussien random components each of which with

zero mean and a variance equal to 0.5, the random variable \? ;| may be written as

= I = 3 (W) + ()] (121

=1

It is straightforward to conclude that /\i1 is a chi-square variable with 2R degrees of

freedom.

e For i = 2, we have
hy, — <ek,1, hk2> €k,1

4.22
|hie — (ex.1, hio) ep 1| (4.22)

€r2 =

Hence we obtain

At = (2, ep2)|?
B ’<h hyo — (ep1, hio) €1 >‘2
- k2,

||hk2 - <ek,17 hk;2> ek,l”

h
:,uig (hgg, hya) — <i7hk2>
[ |
hy1, hyo)|?
= lio ((hkm hyo) — M)

2) (4.23)

[

The term |(hg, hk2>]2 can be calculated as:

(hg1, hye) = Z hllji ) + jhyy (Z>] [h1§2( ) + jhy, ()}

[

1
[P (DR (2) = ik (0) i ()] (4.24)

1

R
1=

+]Z hg1 h£2 + hy, ()hkR2(Z)}
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And this yields:

2

[(har, hyo) [P 30 [P (B0 (0) — By (D)o ()]
I | S IR OF + hd )]
ity [hf ()b (i) + by () fy (i)
S IO + 10 ()]

(4.25)

_|_

Taking the mean of this expression and using the same approximation as in [63]:

‘<hk17hk2>‘2 E{’<hk1>hk2>‘2}
E ~ 4.26
{ Ty [ } E {|[hy|*} 20

Using the approximation in (4.26) after some basic mathematical developments we

2
obtain E {m} = 1. This entails that the random variable A7 , is a chi-square

1 |

variable with 2(R — 1) degrees of freedom.

e Now let us assume that the random variable )\,2“_1 is a chi-square random variable
with 2[R — (i — 2)] degrees of freedom. We search to obtain the distribution of A} ;.

We have:

i—1
)‘2,1‘ = Mi,z‘ (hy;, hy,;) — Z |<ek,j’ hkzi>}2]

Jj=1

(4.27)

1—2

= Ni,j (hy;, hy;) — Z |<ek,j7 hki>}2 - |<ek,i—17 hki>}2]

j=1

Considering the hypothesis on A ; ; we know that (h,;, h;;) — Z;;Ql ey, h,m->’2 is a
chi-square variable with 2[R — (i — 2)] degrees of freedom. Subtracting the quantity

‘<ek,i—17 hki> ’

is a chi-square random variable with 2[R — (i — 1)] degrees of freedom.

and using the same method as the case i = 2, we can prove that )\i’i
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We proved that if the approximation in (4.26) is verified, the random variable /\i’i is
a chi-square random variable with 2[R — (i — 1)] degrees of freedom. Since the chi-square
distribution is a special case of the gamma distribution, we will assume that the the A7 ; is

a Gamma distributed random variable:

Ai(@) ~ gla, B,z) = Ff;x“‘le‘ﬂx (4.28)

This result may be confirmed using the Expectation-Maximization (EM) algorithm?®
[64,65]. As an example, we use the EM algorithm with J = 1 (a pure Gamma distribution)
to test the behavior of random variables A} ;. We take R = 10 and N = 5. The probability
distribution function (pdf) of A , is depicted in Figure 4.4 and for A} , in Figure 4.5. Since
the same channel statistics are assumed for different relays, the curves for different values
of k£ are identical. The curves on the right are traced in log-log scale so that the slopes
of the curves at the origin (determining the diversity order) would be easily seen. Using
the Expectation-Maximization algorithm, we obtain @ = 10 and § = 1 for Figure 4.4 and
a =9 and § =1 for Figure 4.5. We can see that for the second MS (/\i’z), the slope at the
origin of the log-log curve is smaller than that of the first mobile station ()\%1). Note that
the approximated distribution is a very tight evaluation of the simulated results, we have
thus validated the fact that A7, has a chi-square distribution with 2R — 2i + 2 degrees of
freedom. Since each degree of freedom contributes 0.5 to the diversity order?, the diversity

order is equal to D =R — (i — 1) — 1.

3For the use of EM algorithm see Section 3.3.3 on page 78
4By replacing e=#? in (4.28) by its Taylor series development, the smallest exponent of x in (4.28) is
a — 1. As a result the diversity order will be «
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The potential diversity gain at each MS can now be calculated. We have the relationship

Y = [25:1 )\m} s; +n;. The SNR is then defined as:

L 2
o
pi = (4.29)
g

n

It can be proved [66] by induction that p; in (4.29) leads to a diversity order of

L[R—(i—1)] — 1. This result is verified by simulation, for R = 10, N = 5, and
[Zhes /\k,z]Q
e

Tn

L = 5, we have py = As we can see in Figure 4.6, a diversity order of

43.5 is obtained for this system. This confirms that the diversity order is nearly equal



112 CHAPTER 4. PRECODING BY GRAM-SCHMIDT PROCESS

=
=

probability density function
g8 B
log (pdf)
L

o wn IS o ®
T T T T

Simulated data
— Pure Gamma di

L
1 15 2 25 3

= L L L L L L L L L _ L L L L
o 50 100 150 200 250 300 350 400 450 500 18 -15 -1 -0.5 0

Figure 4.6: pdf of py for R=10, N =5, and L =5

to L[R—(i—1)] —1=5x (10— 1) — 1 = 44.

4.3 Power Allocation optimization

We are now looking for power allocation algorithms in order to optimize the average SEP
at each MS. Using the solution in (4.15), we can define the average transmitted power of

each relay as:

N N N
Pi=Y B {siwiwisn} = Y B{wiwi}E(sisn) =Y B{wiwi} =N (130
k=1 k=1 k=1

By normalizing the transmitted power of each RS to one (P, = 1), the precoding vectors

can be calculated from:

] N _

hiy— > (hji,e) el
I J=1.j#k ]

VN N

hiy = Y (hj ey ey

i=1j#k

(4.31)

We obtain /\;m- = Aki. Denoting the transmit power of kth relay by Py, we can

L
VN
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calculate the received signal at a mobile station:

Si + 1 (4.32)

L
yl = [Z \/ Pk)\;C,Z
k=1

The signal to noise ratio is then:

(Sh VAN

pi = P (4.33)

We use this equation and the approximation of SEP given in [60]:

pe(pr) = 2yerie(V/Epy) — [yerte(V/Ep)]| ~ 2rerte(v/Ep) (4.34)

where vy =1—1/v/ M and § = sar for a M-ary phase-shift keying (MPSK) constellation,
and erfc(x) = \/—77 fw e /2t bemg the complementary error function. The objective being
to minimize the average SER for the complete set of mobile stations, the Power allocation

problem can be described as:

minimize: Pe = LS N P.(p) = 2 SV erfe(vEp,)

(4.35)
subject to : Zk:l P, = Pr = Ot
As a result, the cost function can be obtained as:
L
J(Pi, Py -+, PL) =P +1 (ZPk —PT>
k=t (4.36)

J(Pl,Pg,"'7 2’}//N Zerfc gpz +7](Zpk—PT>

Calculating the derivative 0.J/0Py, we obtain:
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(4.37)

oJ - ,
ap = —Z’YWU\/ kaz)\kzeXp [ ; \/Fk)\k,i)Q/UQ

Setting this derivative to zero, we obtain the equation:

N L
n = 27\/chr\/7rP;f Z /\;w- exp [—f(z \/Fk/\;w)z/cﬁ] VEk e [1, L] (4.38)
i=1 k=1

This yields:

\/Fk X Z A;,ieXP[_f(Z \/E)‘;n,z’>2/‘72] (4.39)

And we can write:

D Aepl=E0> VP, ) o) (4.40)

with A? is the positive proportionality constant. Rewriting (4.40) for each relay station

and summing up all the different terms, we obtain:

L L
Z \/P_m/\;m =A Z Z )‘, exp[— \/P_m/\;n,z‘)Q/UQ] (4.41)
m=1

m=1 i=1

iM~

We will first calculate X; = S2F VP, ;. From (4.41), X; is the solution of the equation:

m

N

L
Xi=A> Y A2 exp [—£X7 /07 (4.42)
m=1 1

i=

Using the power constraint Zle P, = Pr, we have:

) VP
S [ e exio]

(4.43)
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Finally, we obtain:

NIZD DD SAND Y X?/o?
Xi: TZmlez 1 mzexp[ 5 Z/U] Z:].,,N (444)

\/Zl?:l [Zfil )‘;c,ieXp[_gXiQ/U2]] :

It is possible to solve this set of non-linear equations using the MATLAB function fsolve.

As soon as the quantities X; are found, the optimum power P, may be calculated as:

X, Nesexp[-€X2/0%]

5:1 [Zf\; A%},iexp[_gXiQ/O-2]:| i

P, = Pr (4.45)

The equation presented in (4.44) is complicated to solve. We will simplify it using the
low SNR approximation. Fortunately, the simulation results in section 4.5 show that the
low SNR approximation can be also used for high SNRs. If we consider the low SNR regime
we have exp[—£(30r_, VPi),;)? /0% &~ 1 and equation (4.40) reduces to:

P, =A

N 2
> A}m] (4.46)
=1

The power constraint yields:

2

P,
:PT:A2: d

YD) IARPYIL

EL: P, = A? XL: [ﬁ: N (4.47)

k=1 Li=1

We can thus write:

P, = A?

Z)\}m] =5 [Z [Z )\,“] (4.48)

=1 =1
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The received signal at the ith MS can be expressed as:

zk HIAPYRI

pENE)

4.4 Theoretical SER performance evaluation

Si +ny (4.49)

In order to evaluate the system performance, we consider three cases: i) the case of uniform
power allocation for which diversity gain has already been investigated at the end of Section
4.2, 1i) the case of power allocation optimization introduced in the last section and iii) the
case of non-uniform power allocation which is the same case as in Section 4.2 without

normalizing all relay station powers to 1.

4.4.1 Uniform power allocation

For the case of uniform power allocation, the results of the Expectation-Maximization

algorithm confirm that a gamma distribution with pdf v(z,a, ) = L=z°"le % is a
good approximation for the distribution of the random variable [Zk:l ]“] with a =
L(R—(i—1)) and # = 1/L. The SNR is then given by p = Zered iy o2 —
P, 10-SNRs/10 qnd P, = E {(Zﬁzl A;w.)?}. We have P, ~ La. The pdf of the SNR can

be approximated by:

h(z) = o*y(o*r,a, B) = ?2('5; [o2z]o e P = %x“‘le_ﬁ"% (4.50)

The SEP for a given SNR or o2 is then given by:

= *“pem)h(u)du:% / el (e (451)
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To calculate (4.51) we notice that o — 1 is an integer. We calculate:

+oo
Inp = / u e P erfe(y/Eu)du
0

Using the variable substitution ¢ = So2u, we obtain:

_ 1 oo a—1_-—t é-t
I.p= W/o t““e erfc(“w)dt

Integration by parts yields:

v:erfc(H%) = dv= \_/g ﬁ;?\l/_ €8 gy

a—1

a1 —t _ (a—1)! E_—t
dw=t"""e'dt = w——z I te
k=0

We obtain then:

o ( — oo k—1/2 _—t(1+£/B0?)
Ia,ﬁ — ( Z \/_k' t € dt

In order to calculate integral in (4.56), we set z = (1 + £/B0?)t:

/+OO {12 0% 50 gy ! T(k+2)
e o —_ —
0 (14 555)"z 2

with I'(z) being the Gamma function. Using the property I'(n + 1) = \/—2(33 ,

( = /¢ (2k)!
Inpg = [ Zo Bo? 2212 1 £ )k+1/2]

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

we obtain:

(4.58)
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And finally, replacing (4.58) in (4.51) we obtain:

_ 270.2aﬁ041
Pe = F(Oé) a,B
S 1 a—1 (Qk)' (459)
=27 |1- 602 3 Z 22k [:12(1 € \k
\/W‘l—lkzo '(+W)
It is possible to simplify this expression for high SNRs, we have:
! ~1- 28 (4.60)
V14 026/¢ - 2¢ '
1 _ ﬁk0'2k (4 61)
(&/Bo> +1)F ¢ |
This leads to:
) 023 = (2k)1BE o
Pe = 2v [1 - (1 - 25 )Z 22k€kk'2 (462)
k=0

4.4.2 Optimal power allocation

In this section, we will evaluate the SEP for the case where optimal power allocation is

used. We have:

L N \/ R
Dbt D Akl Ak
2\ N oy 2
o Zkzl[Zj:l )‘k,j]

Even though the pdf of p; is difficult to obtain, we have demonstrated that &; = o2p;

pi = (4.63)

leads to a diversity order of [R — (i — 1)]L — 1 [66]. In order to confirm this result, an

EM based fitting algorithm may be used to find a tight approximation for the distribution
L N oy oy 17

[SE_ I A ]
Sk (50 N 2

example. Figure 4.7 shows the obtained pdf for ; and Figure 4.8 shows the obtained pdf

of 5k =

. Let us take the case where L = 2, N = 3 and R = 8 as an

for §,. For the first mobile station (i.e. rank 1), the obtained pdf is tightly approximated

by a pure Gamma distribution with v = 15.81 and § = 1. The resulting diversity order is
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Figure 4.7: pdf of ; for L =2, N =3, and R =8
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Figure 4.8: pdf of 63 for L =2, N =3, and R =8

Dy =~ RL — 1. For the second MS (i.e. rank 2), we obtain a pure Gamma distribution for
dy with v = 13.83 and § = 1 leading to a diversity order of Dy ~ (R — 1)L — 1.

We can conclude experimentally that the variable §; is a Gamma distributed random
variable leading to a diversity order of D; ~ [R — (i — 1)]L — 1. In this case, it is straight-

forward to obtain the theoretical SEP performance of this scheme:

a 1
/ (2k)!
pe ,optim — 27 1— 22k]§'2 1 £ ) (464)

02+1

which is the same expression as in (4.56) with g = 1.
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4.4.3 Non-uniform power allocation

We will now study the case where the precoding vectors are not normalized. In this case,

the precoding vectors can be expressed as:
l *
w;, = (hj, el,k> "€k (4.65)

The average transmitted power of [th relay station is then written as:

ZE {Wk Wk} ZE {| <hlk7el,k> ‘2} (4.66)

Random variables | (hj, e, ,)[* are chi-square random variables with 2[R — (k — 1)]

degrees of freedom?®, we can thus write:

+oo
E{|(hj, ey }— qk—l '/0 r.x% e dx

+oo |
T ,— - 4.67
Qk_l'/o e dm_(Qk_l)! 97

= gk

with ¢ = R — (k — 1). Finally, the average transmitted power equals to:

P= (R N) ==Y (R~ (k1) = N(R— 3 + ) (1.68)

In this case, in order to have an average transmitted power of one, we have to use precoding

vectors:

I <h1kaezk> €1k

R i (4.69)

®Note that the chi-square distribution is a special case of the Gamma distribution
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The received signal is then equal to:

1
= e VR (e ) o VP ()

U(R,N) (4.70)
+...+ \/P_LKhL,i’ eL,i>|2] S + Ny

For simplicity, we will at first take the case L = 2, and then generalize the results for

arbitrary L. For the case L = 2, we have to calculate the pdf of the random variable
7 2 7 2 . 7 7

Z = /P <h1,i’el,i>} + VDB <h27i762,i>‘ with /P = \/ w(}?N) and /P, = \/w(}%N)'

The resulting pdf is the convolution product of the two distributions of /P, |<h17i, e17i>‘2

and /Py ‘<h2’i,e2’i>}2:

with ¢; = R — (¢ — 1) and * denoting the convolution product.

It is easier to use the Laplace Transform to evaluate (4.71). Setting ©; = 1/4/ P, and
Oy = 1/4/ P, we can write:

1
(@1 + S)qi(@g + S)Qi

ZLA{pz(7)} = Py(s) = (0:10)" (4.72)

Note that £ {£} = GLH"H. If O, = ©; = O, we have directly Pz(s) = @2‘”@

167@:1;

24—
and pz(ZE) = @2%(2%—_

- Otherwise the decomposition of the partial fraction in (4.72)

yields:

qi—1
. ay by,

Py(s) = (0:62)" — + —
2 ot @t

(4.73)
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with:
ak = —( D (qﬁk 1)
@ qi+k
E 1) (qﬁ)k 1) (4.74)
and by = —-—>—-
(@1 @2)Qz+k

Without the loss of generality we will assume that ©, < ©;. The inverse Laplace

transformation of (4.73) can be then calculated as:

ul Lk LGkl g=O1r | (_1\aitk,—Oaz
p2() = (€,0,)" Z(—n’f(ql““ 1)( + (1) (4.75)

s ¢ —1 ¢ —k—1)! (O, — ©,)utk

The pdf of the signal to noise ratio p = Z%/0? is then given by:

pz(o/u)o

pp(u) = == Todi (4.76)

The average SEP is then calculated by averaging the 2verfc(y/€p) over the pdf of the
SNR:

+oo
ﬁe,nonuni = / 27erfc( V gu)pp(u)du
0

Qifl —k qz—k
+k—1 207 J
— i —1)* i s
07(61@2) kzzo( ) ( ¢ — 1 ) (Qz' . k’ . 1)' (@2 . @l)qﬁ-k (477)
L)
(@1 — @2)Qi+k

with

+oo
Jy = / 2" e Merfe(y/Ex)d (4.78)
0



123

The integrals J{" may be integrated by parts setting:

m—1
_ om—1_—Xx o (m_ 1)' k _—\z
dv=za2""edx = v=-— I (4.79)
k=0
—2
u=erfe(\/2) = du= —\/ge_fz2dx (4.80)

+oo
Jy = / "o Merfe(y/Ex)dx
0

m—1 )\2 4, +o0 (481)
_ (m — 1)! 1)1 /4 sk e—E@+X/20)? ..
AT EIAm—F
k=0
The last integral of (4.81) can be developed:
/+OO k —&(z+X/26)2 d : ( 1)n k A" /+OO (k—mn)/2 —= d
xe” T = E - — x e —r
0 = n 2n£(k+n+1)/2 22 /4¢ 2\/5
k
1 k A" Hoe
— _1\n o~ (k—n—-1)/2 —=x
D) 2 :0( 1) (n) ong(ktnt1)/2 //\2/45‘7; e dz (4.82)

: k A" k—n+1 k—n+1 N
)" (") S T () = Tane (—5—— 52
)z [ () e ()

n=

with I'(z) and [y, (n, z) respectively denoting Gamma and lower incomplete Gamma func-

tions. Tine(n, ) = [ u" te “du. By substituting (4.82) in (4.81) we obtain:

k=0 7 n=0 (4.83)

5 (]

And finally by substituting (4.83) in (4.77) the SEP can be calculated.

It is possible to generalize this result for an arbitrary number of relays. In the general
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case with L relays, we obtain:

gi—1 Lk
= i ot 1 79—k 2 79—k L 79—k
Pemonuni = 27(0103--- O)* E:m alge, +apze, +oFa e, | (4.84)
k=0

with J{* given by (4.83) and:

n—1
) 1 n—1
a5 (") s )
k=0
> (8, = ©4) -+ (8, = ©i) -+ (04,_,.,, — ©))]
1< <o o< <o < o <Ly i
(01— 6:) -+ (0,1 — ©,)(O441 — ©,) - - (O, — ;)] T
n—1
n—1 q; + k
SR
— g

22 (€1 =)+ (05, = 1) (B, .., — ©i)]

1< <o < igy <oo i [ — g e <Ly 70

(01 —6;) (0,01 —60,)(0j41 —6;)--- (0, — @i)]q¢+1+k

(4.85)

4.5 Simulation Results

In this section, simulation results are given to illustrate the accuracy of the proposed SEP
estimations and to test the efficiency of the power allocation optimization algorithm given
in Section 4.3.

Let us consider the simplest case where we have N = 2 mobile stations in the network.
We assume that the total available power of the relays is 1 and that the relays have perfect
CSI estimates. We suppose that we have R = 2 relays and each relay has L = 2 transmit

antennas. The following cases are considered:

1. Uniform power allocation
2. Optimized power allocation (see Section 4.4.2) with two sub-cases:

(a) Complete solution (see equations (4.43) and (4.44))
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(b) Approximate solution based on low SNR approximation (see equations (4.47)

and (4.48))

3. Zero forcing with complete CSI knowledge at each relay station and uniform relay

power allocation (see Chapter 3)

4. Non-uniform power allocation (see 4.4.3)

The Monte-Carlo simulation results are compared to theoretical SEP approximations
when available. We study the case of Quadrature Amplitude Modulation (QAM)-16 con-
stellation. In this case, MS; (the first mobile station in the process of Gram-Schmidt)
benefits from the maximum diversity order which is equal to Dgg, = L[R— (i —1)] — 1 =
2 x 2 — 1 = 3 while the zero forcing (ZF) precoding equalization discussed on the previous
chapter exhibits a diversity order of Dyzp = LR — N =2 x 2 —2 = 2 [67]. These results are
illustrated on Figure 4.9 and we can see that the proposed theoretical SER evaluations are
always very close to the simulated results, especially for high SNR’s. Moreover, in this case,
where the maximum diversity remains moderate, the differences between the non-uniform
and optimized power allocation strategies are considerable. For example, at SER — 1073 the
optimized power allocation results in a 3.5 dB gain compared to the non-uniform case. At
the same SER, the uniform power allocation scheme exhibits a loss of 2 dB when compared
to the optimized allocation scheme.

Figure 4.10 depicts the same results for the second mobile station MS, (i.e. with ranking
order two in the Gram-Schmidt orthonormalization process). The diversity order of this
mobile is Dgg, = L[R — (i —1)] —1 =2 x 1 —1 = 1 which is inferior to the diversity order
of the ZF algorithm which remains equal to 2. It can be seen clearly that for high SNRs
the slope of the curve concerning the ZF precoding equalization is superior to that of the
Gram-Schmidt algorithm. The differences between the power allocation policies are more

important than those corresponding to the first MS. For the second MS at SER — 1072
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Figure 4.9: Symbol error rate for a cooperative communication system with N =2, R = 2,
L=2and =1 (MS;)
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Figure 4.10: Symbol error rate for a cooperative communication system with N =2, R = 2,
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Figure 4.11: Symbol error rate for a cooperative communication system with N =4, R =5,
L =6 and ¢ =1 (1st mobile station)

there is more than 6 dB difference between the optimized power allocation process and the
non-uniform power allocation, while there is more than 4 dB difference between the power
allocation optimization scenario and the uniform power allocation. The results of the case

N =2, R =2, and L = 2 show that:

e Power allocation optimization allows the MSs to benefit from the maximum coding

gain.

e For the second mobile station MSy,ZF precoding shows better performances at high

SNRs.

These conclusions are completely different in the case of more elaborated systems with
higher number of transmission/reception elements. On Figure 4.11 and Figure 4.12 we
investigate the case where we have N = 4 MSs, R = 5 relay stations, and each RS is
equipped with L = 6 transmit antennas. Figure 4.11 shows the obtained results for the first

MS (¢ — 1). The potential diversity order for MS with ranking one in the Gram-Schmidt
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Figure 4.12: Symbol error rate for a cooperative communication system with N =4, R =5,
L =6 and ¢ = 3 (3rd mobile station)

orthonormalization process is equal to Dgs, = L[R — (i —1)] —1 = 6 x5—1 = 29 while the
diversity order for the ZF precoding policy is Dzp = LR— N = 6 x5—4 = 26. In this case,
the difference between the uniform power allocation and the optimal power allocation is not
very considerable. This result is intuitively correct; since there are many independent paths
between the relays and mobile stations, the average channel quality tends to be the same
for all the MSs, and the optimum power allocation algorithm will attribute approximately
same SNR for all mobile stations. As a result the most cost-effective power allocation policy
is to allocate the same power to each relay. The non-uniform power allocation scheme shows

a poor performance in this case.

Figure 4.12 shows the results for the third mobile station MS3 in the network (¢ = 3), the
diversity order obtained by the Gram-Schmidt algorithm is Dgg, = LIR— (1 —1)] — 1 =
6 x (5 —2) — 1 = 17 which is inferior of the diversity order of the ZF which remains at
26. The difference between the optimized power allocation policy and the uniform power

allocation is smaller for the third mobile than for the first mobile (less than 1.8 dB at SER
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= 1073). This entails the following conclusions:

e For a system with a high potential diversity uniform power allocation between RSs is

the best strategy.

e Only the first few MSs in the network will benefit from a higher diversity, while the

other ones will encounter a loss compared to the ZF precoding.

4.6 Conclusion

In this chapter, we proposed a new precoding algorithm for multi-user communications
using cooperative relay stations. This algorithm concentrates the complexity on the relay
station side where the precoding vectors are calculated in order to cancel out MAT at MS’s
side. This is done using the well known Gram-Schmidt orthonormalization process. The
strength of this method is that it only requires the knowledge of CIR’s from a given relay
to all the mobile stations. In other words, to compute its precoding vectors, a relay does
not need to know the CIR’s of the other relays. We analyzed the potential diversity gain
at the receivers and we showed that the diversity gain is not the same for all MS’s at the
receiver side and depends on the ranking of the mobile station used in the orthogonalization
process. The diversity gain for the first MS can be equal to the number of transmit antennas
of each relay multiplied by the number of relays in the network, which is superior to the
value obtained with a centralized Z.F precoding policy. Of course, this is obtained at
the price of a loss in the diversity order for the last MS’s included in the algorithm. We
also investigated the power allocation between the relays. We developed a mathematical
analysis for the Symbol Error Rate (SER) at each MS in both cases: when each MS benefits
from optimized power, and when the allocated power is chosen randomly. The obtained

results clearly demonstrate the advantage of optimizing the allocated power at the cost of
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a centralized strategy for the cases where the potential diversity gain remains moderate, i.e
when the product R x L is roughly inferior to 10. For the systems with a high potential

diversity, the uniform power allocation is sufficient to exploit the diversity of the system.

Further studies should include the case where MS’s benefits from multiple receive an-

tennas and the influence of C.I.R estimation algorithms.

In this work, the complexity is placed on the relay station side where the precoding
vectors are calculated in order to cancel out MAI at MS’s. Mitigating MAI, the goal is
clearly to maximize the number of potential MS’c in a given cell. This is done using the
well known Gram-Schmidt orthonormalization process. The strength of this method is that
it only requires the knowledge of CIR’s from a given relay to all the mobile stations. In
other words, to compute its precoding vectors, a given relay does not need to know the
CIR’s of the other relays to MS’s. Using this algorithm, we carefully study the potential
diversity gain at the receivers and we show that, unlike in [22], the diversity gain is not
the same for all receivers and depends on the ranking of the mobile station used in the
orthogonalization process. However, the diversity gain for the first MS can be equal to the
number of transmit antennas per relay multiplied by the number of relays in the network, in
other words some MS’s will benefit from a higher diversity gain compared to the reference

system. Obviously this is obtained at the price of a loss in the diversity gain for the lower

end MS’s.

Furthermore, since we demonstrate that the obtained SNR at each MS is closely related
to the average transmitted power of each RS, we examine the problem of optimizing the
power allocation to the relays. We obtain a mathematical analysis on the Symbol Error
Rate (SER) at each MS in both cases where all MS’s benefit from optimized power and
where the allocated power is chosen randomly. This mathematical derivation is obtained

thanks to a tight approximation of the p.d.f of the optimized SNR. We use an iterative
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Expectation-Maximization (EM) algorithm to obtain it. For the case of a low number of
relaying stations, the obtained results clearly demonstrate the advantage of optimizing the
allocated power at the cost of the increased complexity of a centralized strategy. This means
that, in the case of optimized power allocation, each relay requires the knowledge of the
CIR from all of the relays in the network. However in the case of a high number of relaying
stations, a uniform power allocation strategy shows to be the best solution. This strategy
also preserves the advantage of only requiring the knowledge of CIR’s from the concerned

relay.
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This chapter covers the same problem as the previous chapters, except that in this
chapter we will assume that only the second order statistics information of the channels is
provided to the relays. The other difference is that in this chapter we consider an amplify-
and-forward (AF) protocol whereas in the previous chapters a decode-and-forward (DF)

strategy was addressed.

The remainder of this chapter is organized as follows. The system model is discussed
under Section5.1. The optimization process is covered by Section 5.2. We consider two
kinds of power constraints: individual relay power constraints and a total (source and
relay) power constraint. Section 5.3 provides a comparing base for the results by a system
having the perfect channel state information (CSI) knowledge and using a zero forcing (ZF)

algorithm. Numerical and simulation results are given in Section 5.4.

5.1 System model

We consider a system with R relays and M mobile stations as depicted in Figure 5.1. The
source is equipped with M antennas and sends a message vector of data s = [sq, Sa, ..., Sp/]

towards mobile stations where s; is a unitary symbol (E {|sj|2} = 1) destinated to MS;.
Each relay is equipped with only one antenna. The channel between the base station

(BS) and the ith relay is denoted by vector h; = [ hi(1) hi(2) --- hy(M) | ofsize Ix M

(2

with h;(k) ~ CN(0,1). The channel between the ith single-antenna relay and the jth mobile

station is denotes by g;; ~ CN(0,1). Furthermore we define:

gj = [Qlj 925 ' YRj (5.1)

denoting the vector of channel coefficients between the relays and the jth mobile station
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Figure 5.1: System model for the multi-relay multi user scheme

We also define:

g1
a-| ® (5.2)
L gM d MxR

h;

hy
H— - [ LD L@ h(M) (5.3)

hr

L d RxM

with h©) of size R x 1 being the vector consisting the channel coefficients between the jth

antenna of the BS and all relays.

If the transmitted signal by the source is t = \/ Ps/M slj;wl where where Pg denotes the

source average transmit power, the received signal at the ¢th relay can be written as:

Zillx1 = PS/MhithS\j;uxl + v; 1= 1, ,R (54)



136 CHAPTER 5. BEAMFORMING USING SECOND ORDER STATISTICS

where v; is an additive white Gaussian noise sample with zero mean and variance o%p.

Note that the transmitted power of the source can be easily verified: P = E {tTt} =

HE (s +lsal” 4+ [sn*} = 55 - M = P

Each relay weights its received signal z; with a scalar coefficient w; and retransmits the
signal x; = w;z; to the mobile stations. The received signal at the jth mobile station can

be thus written as:

R

R
U; = ngjwka + n; = ng]wk |:\/ PS/thth S,|1;\4x1 + Uki| 4 n;i
k=1 k=1

R R
= /P/MY  gijwihy s+ grjwpoy, + 1
k=1 k=1

R R
= 4/ PS/Mngjwk . [hk(l)sl + hk(2)$2 + -+ hk(M)SM] + ngjwkvk + 7
k=1

k=1

(5.5)

R R M R
= \/P,/M ngjwkhk(j)sj ++/Ps/M ngjwk Z hi(n)s, + ngjwkvk +n;
k=1 k=1

n=1 k=1
n#j

=V Ps/MW|1><R ‘ diag(gj)me | hgz)leSj

R M R
-+ vV PS/M ngjwk Z hk(n)sn + ngjwkvk + T]j
k=1 n=1 k=1

n#j

where w = [wy, wa, ..., wg] and n; is the receiver noise with zero mean and variance o%,. In
(5.5) the first summation represents the information part of the received signal, the second
summation is the interference caused by other users, and the two last terms represent the

noise.
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We define:
. T
S=pT s s2 o Si Sin M ](Ml)xl
by = [ M) W@ o mG-1D) MG o ROD ] (56)
a T
H_j - L hclrv*] h%j*] T hgv_j i|R><M—].

Now the interference term in (5.5) can be rewritten as:

R M R
Py /M Z Grj W Z hi(n)s, = Z gkjwkhk,fjszj
k=1 — p

] = (5.7)

_ : T
= W|ixR " dlag(g]’)leR : H—j\RxM—l "S_jM—1x1

Now (5.5) can be rewritten:
uj = \/P./Mw-diag(g;)-hV7s; + P,/Mw-diag(g;)-H_;-s", +w-diag(g;) - v+n; (5.8)

where v is a column vector of size R x 1 consisting the receiver noises of all relays.

By defining:

T
. T . . .
Pjirx1 = diag(g;)|rxr - h\(ﬁxl = [gle(LJ) 92;H(2,7) -+ grjH(R,j) ]
Ujirx(v-1) = diag(g;)rxr - Hojjrxm—1

tirx1 = diag(g;) rxr - Vrx1

We can rewrite (5.8) as follows:

uj =/ Po/Mw -pjsj + /P /Mw -Uj-s™ + w-t; +n (5.10)
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Once again in (5.10), the first term represents the message information, the second term
is the multiple access interference (MAI), and the last two terms correspond to the system

noise. The signal power of the received signal can be calculated as:

(5.11)
- EE Swil = ZSwP.wi
= E\W o pisisipy Wl = wPw
where P; is an R x R matrix defined by P; = E {pjp}}.
The total interference plus noise power in (5.10) can be calculated as:
2
PHZE{‘\/WW.Uj~sTj+w.tj+nj }
2
= E{‘\/PS/MW U -st, } +E{|w-t;} +E{|n;|*}
P
=K {MWUjSTj(STj>TU;WT} +E {Wtjt;WT} + O'%D (5.12)

P . :
=E {Mijsifj(sTj)TU;wT} +E {wdiag(g;)v - v' diag(g;)'w'} + o7,

= MSWQ]'WT + 0t pwGw' + 0%,

where G; = E {diag(g;) - diag(g;)'} = diag (E {|g1j\2} JE {|92’j‘2} ooy B {\gRJf}), and
E{Q;} = U;- U} The signal to noise plus interference ratio (SINR) at the jth mobile

station is then equal to:

o) _ P _ Py /MwP,w! (5.13)
d P,  P/MwQ;wt+ o wG,wt + o% '

Now we can calculate the total relay transmit power and transmit power at the ith

relay:
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e total relay transmit power:

ki

R R
P,=> E{lz} =) E {‘wi( Py/MHy1.nr sl + i)
i=1 1=1

2 (5.14)

R
- Z]E
=1

P
:MW-D~WT+O'§~RW-WT

wi(VP/M Yy Hy(p)si + v;)

with D = E{did} and d = [, Hi(p). )0, Ha(p). - X0 Halp)]

e Power of ith relay :
P =E{|z|*} = (P.Dyi + o%p) lwi|> i=1,2,..R (5.15)

where D;; represents the (7,7)th element of matrix D.

5.2 Mathematical optimization

In this section we will determine the beamforming weights w; in order to maximize the
SINR at a given mobile station while respecting power constraints. two scenarios may be
envisaged, the first scenario is when the total transmission power (from source and relays)

is maintained below a given value:

P+ P, < Py (5.16)
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Where P, is the maximum allowable total transmit power of the source and all relays. The

second scenario is when the individual relay power of each relay node is restricted:

P, <P, (5.17)

)

where P; is the maximum allowable transmit power at the ¢th relay.

5.2.1 SNR Optimization under total power constraints

We have to solve the following optimization problem:

G P P,/MwP w'
max['j’ = — = PP T 2
Pow By P /MwQw' + 05,wGwi + o), (5.18)
P
st. P+ MWDWT +oipww! < P

If we denote the solution of (5.18) by (w°P', P°PY) the first step is to prove that PP' 4

opt
PJSM WoptDwoptT + J%vaoptvvopt]L — PU-

opt
Proof. Otherwise, if we suppose that PP' + %WOptD.WOptT + 02 pWOPtWOPT < Py let

a = PP , with @ > 1. We will verify that (y/aw°Pt, PP') also

Popt
s .Wopt.D_wopt'l‘_;’_o-%leopt.woptT

M
satisfies the constraint but results in a larger objective value [68]. This is in contradiction

with the optimality of (w°P*, PPY). In order to verify that (y/awP' PP%) verifies the
constraint we have:

opt
PPt —54 aw P DwPT + 2 L awPiwoPtt

Popt
— Psopt t+a s WOptDWOptT + 0_2 Woptwopt’(
(- 2 ) 519

= pspt + Py — p;)pt

=k
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Hence, the constraint is satisfied. Now we will calculate the new SINR:

rewl) _ & _ Psopt/MOéWOPtPjWOPtT
¢ P, PP /MawertQwoptt + o2 ,a.woPt G woPtt + o2,
POVt /WOt Pw Pt

prt/MWOthjWOPtT + U%RWOpthWOptT + 0'12_3D/Oé
Since, a > 1, we have 0%, /a < 0%, which yields:

PoPL/MwOP P jwortt

Fnew(j) = FOPt(j) —
d PP/ MwortQuwortt 4 o2 wortGywortt + o2

d

This completes the proof.

now, the problem of (5.18) is equivalent to:

- F(]) - & - Ps/]\fwl:)jw]L
axl g = = 2 2
Pow P, P,/MwQw!+ o%,wG,wi + 0%

P
st. P+ MSWDWT +oiwwl = P,

From the constraint of (5.22) we have:

w [(P;/M)D + o2 0] w'

=1
Py — P

(5.20)

(5.21)

(5.22)

(5.23)
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Using (5.23) into the definition of F((ij), we obtain:

o _ Fa _ P/ MwP;w!
¢ P, P/MwQw'+ ot wGwt + 0%
B P,/MwPw'
P /MwQw' + 0%, wGwl + 03, wED + o2, I)wi /(P — P,)
PP P)
M (5.24)

y wP;w'
PARFEWQw! + (P — P)ogpwGywh + 03 pw(5D + odpT)w!
_ P(Py-P))
N M

WPjWT

w [Ps POA}PS Q) + (Fo — Ps)ogpG, + U%D(%D + U%RI)} wi

X

It is possible to solve (5.24) using the following lemma.

Lemma 1. For two definite semi-positive Hermitian matrices C; and Cy i.e. C; = 0 and

C, = 0, we have the following result [68]:

x.Cy.x! 1
max

- 5.25
x#£0 X.Cq.xT )‘min(cl_l/Q.CQ.Cl_l/Q) ( )

with Ay, being the smallest eigenvalue of matrix CIUQCQCII/2 and the vector x°P* being

the eigenvector associated with Ayp. O

In order to use (5.25) to solve (5.24), we use:

P (5.26)
CQZPS 0

_Ps Ps
M Q; + (PO - PS)O?S”RGJ' + U?%D <MD + U%R:[)
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and we have:

C, 2C,Cp 2
Po

_ P,
=P; i QJ (Po — P,)oepGy + UIQ?D(MD +oegl) | P; 12

PO_PS —-1/2 —-1/2 —-1/2 —-1/2
= P——P; /Qij 1 (Py - P)oigP; 'GP (5.27)
P,
+ 0k Py VPDPY? 4 o ok P!

Py — P; P _
A1 + (P() — Ps)UgRAQ + U%%DMA:; + U%%DO%'RP]‘ !

= P,
with A, = P;2Q;P; "%, A, = P;'°G,;P; "%, and A; = P;/*DP; '/,

The vector w°P' corresponds to the eigenvector associated with the smallest eigenvalue

of matrix C;/2C,C V2.

The last step is to find P, we have the following optimization problem:

Popt_ PS(‘PO_PS)
S M (PEEEAL + (P — Pu)o2pAs + 0oy DAy + 0% po2nP !
s min (P i 1+ (P s)USR 2 T Ogpp3; A3+ OrpOsrt; )

(5.28)
st. 0 S PS S PO
Using the new variable x = P,/ Py < 1, we can write:
opt l‘Po(PO—IP())
2P = max Po—aP P 1
T M/\min(l’PgoT“Al—f—(Po —ZEP())O'%RAQ—FO'%DI 0A3+O'RDO'SRP ) (5 29)

Pix(l—
= max (1—2)

2 MAin(P3r 52 AL + Po(1 — 2)023As + 03 p BaAs + 03,05, P )

Two cases may occur based of orthogonality of matrices.
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Case 1:A;, Ay, A5 and Pj_1 are diagonal matrices

If A;, Ay, As and P; ! are diagonal matrices we simplify (5.29) into (5.30):

Pix(l —x)

2°P* = min max 5.30
k=1, R0<z<1 M (P¢xi=2ay + Py(1 — z)opby + ohp acy, + 0% ,0%pdy) (5.50)
We have:
0 z(1—x)
O (Pgx=tay + Po(1 — x)ok by + afw%xck + 0402 Rdy)
_9 (1 — 2) (5.31)
Or Az (1 — ) + (1 — ) + pr + wi)
0 (1l —x)

B %[(Akx(l — )+ (pr — ) + wi + 1)
with \, = Pﬁgak, . = Pookpbi, pr. = 0%p(Po/M)ck, and wy, = 0% ,0%5d,. We solve the
optimization problem:

0 (1l —x)
or | (Mex(1 — ) + (pr — )T + wi + fax)

=0

(1 —2z) [Mzx(l — ) + (1 — ) + prz + wie) — (1 — ) [Me(1 — 22) — e +pu] =0
(1 —2z) Mex(1 — ) + p(1 — 2) + pex + wp — Mz (1 — )] + (1 — 2) (e — pr) =0
(1 —=2x) [a(px — p) + pure + wie] + 2(1 — 2) (e — p) =0

[2(pr — ) + e + wi] — 22° (o — pur) — 22 (o + wi) + (i — pr) — 2 (e — pr) = 0
2 (e — pr) + (e — i — 24 — 2wk + i — pi) + ik +wi = 0

(g — pr) — 22 (i + wp) + g Fwp =0

M + Wi + \/w,f + HUkWr + Pk T PEWE
k=1,...,R Wi — Pk

(5.32)
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Case 2: A, Ay, A3, or P;l is not diagonal

In the case that at least one matrix in the set is not diagonal, we proceed in the same way

as in [68] to obtain z°P*. The optimization problem (5.29) is equivalent to:

o . A A2 PO A3 ]_:)._1
x pt _ OI<I1961£11 /\min <P2 7 -+ POUSR + MO'?%Dl + JéDUgRQ](l—]—JL’) (533)

Since the objective in (5.33) is not always a convex function it is convenient to use
Newton’s method to search for the stationary points. However, it is important to set the
starting point of the algorithm to the best approximation of the location of optimal z. To

do this we can safely assume that at practical signal to noise ratios, we have the following

approximations:
~1
> B _ | As|
—_ Py/M 5.34
USRl’(l _ l’) ( / ) —r ( )
~1
. B | As|
_ Py—— 5.35
URDx(l — ) = T (5.35)
In this case we have:
A A P A
opt ~_ : . 2 1 2 0 3
Since P74t A1 does not depend on x, we have:
A P A
opt ~_ : . 2 2 2 0 3

We use the following Lemma:
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Lemma 2. The optimal value of x for the optimization problem [68]:

2% &~ min )\min( Sy ﬁ) (5.38)

0<z<1 1l—=x x

lies in the interval [z, z,| where:

S

e (5.39)
Vd

Ty = 5.40

1+Vd (540)

¢ = Amin(S7 /28,87 %) (5.41)

d = Amax(S7/28587%) (5.42)

0

In order to use this Lemma to solve (5.37), we set S; = 0% POAM and Sy = PooipAs.

As a result (5.37) is equivalent to:

A P A
2 oy — 3) (5.43)

opt ~ : 2
'~ min A\, | Pooscpr— +0pp———
w<z<zy, 0 ( Sk, RO — o

At this stage, we can incorporate all the terms involved in the optimization problem in

(5.33) and we use the Newton’s method to search for the stationary points. We have:

T <T<Zy

opt : A A PJ_l
T X Imin )\min POOSR " +O'RD(P0/M) —FURDUSRW (544)

We set:

A, A; P!
H(z) = POUSR + JRD(PO/M) + O-RDUZ'Rﬁ T € [z, 7] (5.45)
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We assume as in [69] that H(z) depends smoothly on z €]0, 1] since any order derivative
of H(z) exists. The necessary conditions on the first and second order derivatives of H(x)
for x to be a local minimizer are:

d d?

T in(H(2) =0 and =5 A (H(2)) 2 0 (5.46)

In Newton’s method, the (k + 1)th iteration is given by:

_ iz Amin (H(2))
Th+1 = Tk — A=

k=0,1,--- (5.47)
@)‘min(H(‘r))

where oy > 0 is chosen such that x;yq € [x;,x,], otherwise oy < a;/2. In the iteration
expression in (5.47), the first and second order derivatives of Ay, (H(x)) must be calculated.
Let up(z) be the eigenvector of H(x) associated with A, and u;(z), i = 1,2, ..., R—1 be the
eigenvectors associated with the other eigenvalues with Ay(z) > -+ > X; -+ Ag_1(2) > Ayin-

The first and second order derivatives of A, (H(x)) are then respectively given by:

d B dH(z)

7 Amin (FL(2)) = uo () =g 2) (5.48)

P2 - d?H () 2 2 |wi(2) ' dH (z) /daug ()| '

S Amin(H(2) = o) == Eoug(z) - 2_; () = o (1))

where
dH(z) —S; Sy —1 !
& taeap Tt aa) 5.49

dH(z) —S, Si Ss(22 — 1) o
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and
PH(z) S, S, 2 2
T R s R (R (5.50)
dQH(x)_%_ Sy +QS<1—3ZL’—3ZL’2) '
dez 3 (1—x)? 31— )3

with S3 = J%RJ%DP]-_I.

5.2.2 SINR Optimization under individual relay power constraint

From (5.13) and (5.15), the SINR maximization problem subject to individual relay power

constraints is expressed as:

) P,/MwP,w'
max [’ = 5 2
Pyw P/ MwQwt + 0, wG;wT + 0% (5.51)

sit.  (PDy +02g) |wi]* < Py ke {l1,2,..,R}

The problem in (5.51) belongs is a quadratically constrained fractional programs. In the
case of uncorrelated Rayleigh fading channels it is possible as in [68] to obtain a closed form

solution as demonstrated below.

Casel: P;, Q;, and G, are all diagonal matrices

In case of uncorrelated Rayleigh channels, matrices P;,Q; and G; are diagonal matrices.
Using the Dinkelbach-type method in |69], we introduce the following function:
P t s Fy 2 fy 2
G(t) =max |g(t,w) = MWPJ»W —t MWQJ-W +o5pWwG;wW! +05p

w

(5.52)
st. P=(PDy+oip)|lwl°<P i=12-- R

The relation between G(t) and the problem of (5.51) is given in the following property
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[69].

Property 1.

1. G(t) is strictly decreasing and G(t) = 0 has a unique root, say t*;

2. Let w* be the solution of (5.52) corresponding to t*. Then w* is also the solution of

(5.51) with the largest objective value t* exactly.

O

According to property 1, we want to find ¢* and the associated w*, which is also the
solution of (5.51). To this end, by denoting the (k, k)th entry of P;,Q; and G; as pjx,q;j«

and g; j, respectively, we can rewrite the objective function g(t, w) as:

P
g(t, w) = ~tokp + Z [ Pin — {701 + USRW] Jwal? (5.53)
to get that:
u P P P
2 n S s 2
G(t) = —tO'RD + ; m(ﬁ [ijm —t (qu‘m + O-SR‘gj7n):| (554)
associated with the optimal:
P P P
. n f_sn_t_sn+ 2 i >0
|u]n|2 — PsDnn + O-,%R ' Mp% (qu O-SRg]’ ) (555)
0 otherwise
with
x forz >0
p(z) = (5.56)

0 otherwise
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To find the root of G(t) = 0, let us denote:

Ps I, m
fy = ——p— DI ., n=12..R (5.57)
M(3; 0 + 05RYjn)
and their rearrangement ¢; < t, < --- < tp corresponding to ﬁj,n,qj,n,gm,ﬁn and D,

respectively. With these, we can rewrite (5.54) in the following way:

R ~

Py Ps Py N

G(t) = —topp + Z P.D._+ o2 v {ijm —t (M'%}n + U%jo,n)} (5.58)
n=1 -~ s nn SR

Note that G(0) > 0 and G(fg) = —tg < 0. Thus, it follows from Property 1 that 0 < t* <

tr. The root t* is then determined based on the following theorem:

Theorem 2. If G(ty,) = 0 for an integer ko, then t* = #;,. Otherwise, let ky be the smallest

integer such that G(f;,) < 0, then

R ~ R
P, P P P,P
t"= 1ok + 75 Y == (7Gin + 05rdjn) = Pjn
M n:zko P.D,y, + 0%y M ; M(PsD,,, + 02p)
(5.59)
Proof. If kg = 1, then 0 < t* < t; and
P, . P, . .
~hin = t(qu,n +0ipGin) >0  j=1,-- R (5.60)
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Thus G(t) = 0 in (5.58) leads to:

P, P, P
—to% .+ ~—”{_3~,n_t* 2 Gin+ o2 ~.n}:0
RD ; PDnn"‘U?qR ij, (MQJ, SsrYj, )
R . R .
P P, P P, P,
P PR o S SN PRI S N v S S .
Orp T i ; PD. +U§R(qu7 + 05RrTjn) nz:l P.D. +U§~R ij, (5.61)
R . -1 5 .
P P, P
= 0.2 +_s ~—n(—s§n+02 gn) ﬁn
P M nzl PDyy + 02 M TS nzl M PD,m +aSR) g
If kg > 1, then fno,l <t < fno and
P, _ L Py ~ >0 n=ky,.., R
i (qu,nJraéjo,n) (5.62)
<0 nzl,...,k’o—l

In this case G(t) = 0 in (5.58) leads to:

R
P P P
RD ngk:o P.D,. _HT%R(MPJ, (MQJ, SRrRYj, ))
5.63)
N L, ) (
P P P P..P
M; P.Dy, + o M Z M(PsD,,y, + 02p)
O

Once t*is obtained, we can obtain w* from (5.55).
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Case 2: P;, Q; or G; is not diagonal

In the case where at least one matrix among the set: P;, Q; and G; is not diagonal, we
can rewrite the optimization problem as:
ot
() wP;w
max I’} =
Pow [0 1+ w[P/(Mo%p)Q; + (0§r/0%p) Gyl Wi (5.64)
s.t. (PsDn—i_O'g’R) |wz\2 < Pk k e {1,2,,R}

Denoting T = Ps/(Mo%,)Q; + (02r/0%p)G; we obtain the same formulation as in [69]

equation (30):

, P.wl
e |19 = WP

s.t. (PSD” + UgR) ’U)lyz < Pk k e {1, 2, ,R}

We will use the following Lemma

Lemma 3. Let w® be the solution of the following Quadratically Constrained Quadratic

Programming (QCQP) problem:

max wP jwT
W

(5.66)
s.t. WA;W»WT <1 kel={1,2,..,R}
where
P.D 2
Ay, = 2T TSRy (5.67)
By
and Ji is a matrix with all zero entries except for the (k, k)th entry. Let:
P.D 2
n = max MWOJ;CWOJr (5.68)

kel Pk
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Then, \%WO is the solution to the problem (5.64). O

We will now find the solution of (5.66). The semi definite programming (SDP) relaxation
is a popular method for QCQP problems [68]. Let X = wiw, we can write: wP;wl =
Trace(RP,X) and wA jw! = Trace(A;;X). With this, we can rewrite the problem of
(5.66) as:

m}én — Trace(P,;X)

s.t. Trace(A;,;X) <1, kel

(5.69)
X =0
rank(X) =1
Dropping the non-convex constraint rank(X) = 1, we obtain the SDP relaxation:
m)én — Trace(P;X)
s.t. Trace(A;,;X) <1, kel (5.70)

X>=0

The problem of (5.70) is a convex problem than can be effectively solved by Matlab Software
for Disciplined Convex Programming (CVX), which is a open-source Matlab-based modeling
system for convex optimization [70]. However, in the general case, the solution X* from
CVX software does not necessarily have rank one. For the case in which the solution X* from
the CVX software has a rank greater than one, a search technique may be used to obtain
the suboptimal solution of the original problem. The Gaussian random procedure (GRP)
is such method [31,71]. However the Gaussian random procedure it is in general time-
consuming and sometimes ineffective. In the following, we give another effective methods

for that case based on Coordinate descent method [68, 72].
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Coordinate descent method If the solution X from CVX software has rank greater

than one we can use the coordinate descent method to directly deal with the original
problem of (5.51). The main idea behind the coordinate descent method is the following.
At each iteration, the objective is minimized with respect to one element of w while keeping
the other elements fixed. The method is particularly attractive when the sub-problem is
easy to solve and also satisfies certain condition for convergence. The coordinate descent

algorithm applied to our problem is as follows.

Algorithm 1.
1. Set e = 1073, choose an initial point w"; set & = 0

2. For p = 1 : R determine the optimal pth element while keeping the other elements

fixed. This gives w}
3. whtl = wh
k41 _ Kk
4. If W < ¢ then stop.

5. k= k+1, goto 2

It is possible to demonstrate that the subproblem in Step 2 has a closed form solution. In
fact, it is easy to verify that minimizing the objective with respect to the £th element of w

while keeping the other elements fixed, leads to the following optimization problem:

aq |t‘2 + blt + bit* +
max 5
tag|t|” + bot + b5t + ¢ (5.71)

st. [t <p

with 8 = \/P./(PsDyy + o), a1 = RP;j(k,k), aa = Tj(k,k), and by, ba,c1,co can be
deduced from (5.65).

For the solution of (5.71) we have the following theorem [71].
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Theorem 3. If ay/ay = by /by = ¢1/cs, the objective in (5.71) is a constant and the optimum
t, denoted t*, is any value satisfying [¢| < 3. Otherwise: if the equation (a; — tas)s? +
21|by — thy| B+ ¢1 — tcg = 0 has a real root tq, such that: |by — t1be| > (t1a2 — a1)5, then the
optimal ¢ is given by:

t* = Be % (5.72)

where 0; €] — m, 7| is the argument of by — t1b9; Else, let 5 be the root of |b; — tb2]2

(ay — tag)(cy — teg) such that |by — tabe| < (taas — aq)5, then the optimal ¢ is given by

|by — taby|
=—"¢
tgag —

t*

—Jb2 (5.73)

where 05 is the argument of by — t3b,. O

It can be easily proved that the sequence {Wk} generated by the algorithm converges

globally to a stationary point [68].

5.3 The ZF solution when perfect CSI is available

In the simulation results part, we will compare the results of second-order statistics based
algorithms with the case of perfect CSI with ZF equalization at the relay side. To obtain

this solution, we begin to rewrite the received signal at mobile station j:



1566 CHAPTER 5. BEAMFORMING USING SECOND ORDER STATISTICS

R
uj = E GrjWrZi + 1);
k=1

R
= ngjwk|1x1 [\/ Po/M Hy, S\j;m +Vk] +1;
k=1

$1 (5.74)

k=1

= VPII Y gigwi [0 b O] | sy |+ 3wy +
k=1 .

SM

Writing the corresponding equations for all mobile stations and stacking them into a column

vector, we obtain the following matrix form:

Upmx1 = C'»"|M><R (diag W)\RXR H\RXM S|Mx1 (575)

with G and H defined in (5.2) and (5.3) respectively.

In order to avoid MAI, we must assure that G diag(w)H is a diagonal matrix. supposing

that R > M, we have:
A = G diag(w)H = diag|p1, p2, ..., pu] (5.76)

Denoting Cj; the (4, j)th element of the matrix c, the elements of A in (5.76) can be

calculated as:

Aij = Gawi Hyj + GpwaHyj + - - - + GewiHyg + - - - + Gigwr Hg; (5.77)
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Now (5.76) can be summarized:

R
> GuHpuwy=pidy; 1<i<M,1<j<M (5.78)
k=1
with &;; = 1 if i = j and ¢;; = 0 otherwise. We have M? equations with M + R unknowns
p1 to pyr and wy to wg.
Let us take the case R = 4 and M = 2 as an example. In this case (5.78) leads to 22

equations with 2 + 4 unknowns:

G Hyywy + GioHyywy + GisHzyws + GiyHpgwy = py
G Hiowy + GraHaws + GigHsows + GraHspwys = 0

(5.79)
GorHyywy + GagHoywe + GogHsyws + GaaHyywy = 0
Goy Hiowy + Gog Hyowsy + G23H32w3 + GayHypwy = P2
And this results in:
Gy GioHy GisHsy GiaHyp wy P1
GuHye GioHy GisHsy GiaHyo wy |10 (5.80)
GouHy1 GoHsy GosHsy GogHy ws 0
GaHiy GooHiyy GasHsy GagHyo Wy P2
Or: -
w1
GuHy GioHy GigHsy GiuHy -1 0 Wa
GiiHiy GiaHyy GisHsy GuuHg 0000 w3
= (5.81)

G21H11 G22H21 G23H31 G24H41 0 0 Wy
GQlHl2 G22H22 G23H32 G24H42 0 —1 P1

o o o O

P2
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(5.82)

S
N
ja=) (@) (@) @)

P1

P2

We use singular value decomposition of matrix W:
¥ =UxV' (5.83)

To ensure that (5.83) has a solution, ¥ must be rank deficient (i.e. not full rank). In this

case, we can take [wy, wy, w3, wy, p1, p2]? in the kernel of matrix ¥. So we can take:

[wh Wz, W3, W4, P1, PQ]T = VT(% 5) or [wh Wz, W3, W4, P1, PQ]T = VT(% 6) (5~84)

In the general case matrix 3 is written as:

> 0 0 --- 00
0 > 0 .
3 — (5.85)
0 0 X5 =
0O 0 0 X4 0O
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In the general case the matrix W is built in the following way:

GuHn  GuoeHoy -+ GigHpy -1 0 .-+ 0 0
GuHiy  GieHopy -+ GigHpy 00 0 0 0
GauHy GypHyy -+ GogHpn 0 0 -+ 0 0
o — GoHyos  GaHyy -+ GapHpes 0 -1 0 0 (5.36)
0 0o - 0
GauHiy  GoHoy -+ GogpHpy 00 0 - 0
GyiHiv GueHone -+ GyrHpy 000 0 —1
s d vz (R
and we have: ) ) -
w1 0
W2 0
w 0
vl = (5.87)
P1 0
P2 0
PM 0

The equation in (5.87) can be solved provided that matrix W is rank deficient i.e. if and
only if:
M?* < R+M <<= M(M—-1)<R (5.88)

In this case, using the singular value decomposition of matrix ¥ as ¥ = UXVT we can
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choose the vector [wy, wy, ..., wr, p1, pa, ..., par)? in the kernel of W.

5.4 Simulation results

We consider at first different system configurations with one source and a variable number
of mobile stations. This number varies from 4 to 7 mobile stations. We use each time the
minimum number of relay stations (i.e. Ny, = M (M — 1) + 1) to guarantee the existence
of the ZF equalization solution. The transmitted symbols are modulated using QPSK. We
evaluate in Figure 5.2 the average outage probability at a mobile station as a function of
the total available maximum power (source plus relays) 10.log,,(FP,) for the two different
studied contexts: beamforming with second order statistics and ZF with perfect CSI. The
target SINR is equal to 10 dB. The channel coefficients for each link (Source to Relays and
Relays to Mobile Stations) are modelled as independent identically distributed Gaussian
random variables with mean zero and variance 0.5 per dimension. We consider that the
channel parameters remain constant over 50 consecutive transmitted packets. We suppose
in our simulation runs that o, = 0%, and they correspond to an average SNR equal to
10 dB (i.e. when we ignore the contribution of interfering signals). We consider two series
of simulation results depending on the kind of power optimization constraints we choose:
optimization under total power constraint or optimization under individual relay power

constraint.

5.4.1 Optimization under total power constraint

We can see on Figure 5.2 that the ZF always outperforms the second order statistics based
algorithm and the more important is the number of mobile stations the larger is the gap

between the two kinds of beamforming algorithms. For example, at a considered target
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Figure 5.2: Outage Probability as a function of transmitted power (dB), Target SINR =
10 dB

outage probability of 1072, the gap is not distinguishable between ZF and the second order
statistics based algorithm for the case of M = 4 mobile stations whilst it becomes equal to

0.5 dB in the case M = 6 and nearly equal to 1 dB in the case M = 7.

In Figure 5.3 we plot the average relay power versus the source power needed to meet the
SINR requirement of each destination when they are in non-outage transmission periods.
Once again the target SINR at a mobile station is 10 dB and we suppose that 0%, = 0%,

with each of them corresponding to an average SNR equal to 10 dB.

We can see on Figure 5.3 that the ZF yields the smallest required transmit power at the
relays. However, for a small number of mobile stations, the difference between the second
order statistic method and ZF is small. The gap between the two methods increases as the

number of mobile stations increases to0o.

The effect of the number of relays on the optimal transmit power for a fixed number
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Figure 5.3: Sum of the transmitted power at relays as a function of source Power (dB),
Target SINR = 10 dB

of mobile stations is presented in Figure 5.4. We fix M = 4 for our simulation set-up and
we choose a target SINR equal to 10 dB. The source power is 15 dB. It is clear that when:
R < M.(M — 1)+ 1= 13, the ZF does not work because there is no kernel for the matrix
equation (5.87). This results in the curb on Figure 5.4 in prohibitive sum transmitted power
at relays for the small values of R. The great merit of the second order statistics method
is that it always provides a valuable solution, even in the case where ZF is non efficient.
With more relays, the ZF becomes more efficient (the threshold over which ZF outperforms
second order statistics is equal to 14) and outperforms the second order statistics method.
It is worth mentioning that in all cases, provided that we have a number of relays greater
than 13, the sum transmit power of all relays is all under 30 dB for providing 10 dB SINR
at the mobile stations. This is an affordable power consumption and this is an evidence
of the faculty of the multiuser relaying system to support a high number of parallel data

streams.

In conclusion, in the case of power optimization under total power constraint, the second
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order statistics method is an attractive alternative solution to the ZF when the number of
relays is moderate and particularly, of course, when this number is less than M.(M —1)+1
where M denotes the number of mobile stations. For a high number of mobile stations,
ZF clearly outperforms the second order statistics algorithm and the more important is
the number of mobile stations the larger is the gap between the two kinds of beamforming

algorithms in favour of the ZF method.

5.4.2 Optimization under individual relay power constraint

The results are plotted on Figure 5.4 for the outage probability vs the source power in dB.
We consider the same simulation set-up as those given just before except for the individual
power relay constraint which is equal here to 5 dB. The results are clearly worse than those
presented on Figure 5.2. This can be explained by the fact that there are more constraints
on the power assignment to relays and this reduces the number of freedom degrees to enable
power exchange between relays.

For comparison purposes and to better illustrate the differences between the two kinds
of constraints, we have plotted on Figure 5.6 the results of Figure 5.2 and Figure 5.5, only
for the cases M = 4, R = 13 and M =5, R = 21. We can see for example that for an
outage probability equal to 1072 and in the case M = 4, R — 13, the sum transmitted
power is equal to 19 dB for the total power constraint and 22 dB for the individual relay
power constraint. For an outage probability equal to 1073 in the case M = 4, R — 13,
the sum transmitted power is equal to 22 dB for the total power constraint and 25 dB for
the individual relay power constraint. For the case M = 5, R = 21, we have the following
result: for an outage probability of 1072 the sum transmitted power is equal to 15 dB for
the total power constraint and 17 dB for the individual relay power constraint. For an

outage probability equal to 1072 in the case M — 5, R — 21, the sum transmitted power is
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Figure 5.4: Relay power v.s. number of relays R, target SINR = 10 dB, Source power = 15
dB

equal to 18.5 dB for the total power constraint and 20.5 dB for the individual relay power

constraint.

We can see on these simple examples how the increasing number of constraints influences

on the overall outage performance of the system.

In Figure 5.7 we plot the average relay power versus the source power needed to meet the
SINR requirement of each destination when they are in non-outage transmission periods.
Once again the target SINR at a mobile station is 10 dB and we suppose that o2, = 0%
with each of them corresponding to an average SNR equal to 10 dB. We can see that the

powers are slightly increased when compared to Figure 5.3, illustrating the advantage of
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the first kind of constraint: total power constraint.

For example, when we consider the case M = 4, R = 13 we have for a source power
equal to 10 dB, a sum transmitted power equal to 6 dB in the case of individual power relay
constraint with second order statistics based algorithm and equal to 4.5 dB in the case of
total power constraint with second order statistics, this enables a power saving of 1.5 dB.
For all the other points, the power saving remains equal between 1.5 and 2 dB for all the

different simulation contexts.

The effect of the number of relays on the optimal transmit power for a fixed number
of mobile stations is presented in Figure 5.8. We fix M = 4 for our simulation set-up and
we choose a target SINR equal to 10 dB. The source power is 15 dB. It is clear that when:
R < M.(M — 1)+ 1 =13, the ZF does not work because there is no kernel for the matrix
equation (5.87). This results in the curb on Figure 5.8 in prohibitive sum transmitted power
at relays for the small values of R. The great merit of the second order statistics method

is that it always provides a valuable solution, even in the case where ZF is non efficient.
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dB

With more relays, the ZF becomes more efficient (the threshold over which ZF outperforms
second order statistics is equal to 14) and outperforms the second order statistics method.
It is worth mentioning that in all cases, provided that we have a number of relays greater
than 13, the sum transmit power of all relays is all under 30 dB for providing 10 dB SINR
at the mobile stations.

In conclusion, in the case of power optimization under individual relay power constraints,
the second order statistics method remains an attractive alternative solution to the ZF
when the number of relays is moderate and particularly when this number is less than

M.(M —1)+1 where M denotes the number of mobile stations. Due to the higher number
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of constraints when compared to the former case of total power constraint, we encounter
some losses but this remains small enough to preserve a good overall performance of the

system in terms of outage probability.

5.5 Conclusion

In this chapter, we have proposed linear beamforming techniques based on channel second
order statistics for one source transmitting towards several mobile stations with the help of
multiple relay stations in amplify and forward mode. A comparison of the results with the
Zero Forcing technique which needs the perfect channel state information at the relay side
was effectued. We have processed the optimization with two kinds of power constraints:
total (relay plus source) power constraint and individual relay power constraint. Despite
some losses compared to the ZF technique particularly when the number of relays is high
enough, the obtained results clearly show that second order statistics based beamforming
algorithms are good candidates to reliably support multiple parallel data streams with SINR

requirements in a multiuser multi-relay scheme.
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This dissertation addresses different aspects of multi-user multi-relay cooperative com-
munications. A large variety of mathematical tools and techniques are investigated in this

dissertation. Here are a few examples:

e Lagrange multipliers method was modified to address the problems involving vectors

and matrices.

e Moore-Penrose pseudoinverse matrix was used to cancel out multiple access interfer-

ence (MAI).

e Expectation-Maximization (EM) algorithm was used to approximate the distribution
of a random variable with a mixture of known distributions. The case of Nakagami

and Gamma distribution mixtures were studied in this dissertation.

e The Gram-Schmidt process was used for orthonormalising a set of vectors in a vector

space. This process was used to cancel out the MAI in a cooperative scheme.

e Coordinate descent method was used to iteratively solve an optimization solution with

many variables by optimizing one variable at a time.

The first three chapter of this dissertation deal with the system depicted in Figure 6.1.
This is a multi-user multi-relay scheme with multiple antennas at each relay.

In chapter 2, a modified version of Lagrange multipliers method was used to optimize
the system performance. It is shown that if the system constraints satisfy certain criteria,
the optimization problem will be reduced to a simple matrix inversion. System constraints
and objective functions remain largely flexible. For example the objective function can
be set to maximize any linear combination of the signal to noise ratio (SNR) of received
signals at individual mobile stations. Due to the flexible nature of system constraints and

objectives, no theoretical analysis can be produced.
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Figure 6.1: System model of the first 3 chapters

Chapter 3 covers a special case of the problem when the same SNR is desired at all relays.
In this case the Moore-Pensore pseudoinverse may be used to diagonalize the equivalent
channel plus precoding vectors matrix from the relays to mobile stations and consequently
canceling out MAI. Two different strategies are considered. In the first strategy all relays
have the channel state information (CSI) of all relays to the mobile station (MS)s. In the
second strategy each relay only accesses its own channel to the mobiles. The former clearly
outperforms the latter at the cost of more complicated system and signaling protocols due
to centralized precoding calculations. Theoretical system performances are also analyzed
and confirmed by simulations. For the case of two mobile stations and arbitrary relay
number and structure, the system diversity is analytically derived. For arbitrary number
of MSs symbol error probability (SEP) is semi-analytically calculated. The EM algorithm
is used to approximate the equivalent SNR by a mixture of Nakagami distributions and

system performance is derived from that approximation.
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In chapter 4, the same system is optimized using the Gram-Schmidt orthonormalization
process. This process is used to maximize the SNR at mobile stations by optimizing the
relays transmit power while mitigating the MAI. This scenario permits different levels of
user privilege to be defined. It is shown that for higher number of relays a uniform relay
power assignment is the best choice while for the smaller number of relays, an optimized
power assignment, even at the cost of centralized system, may be justified. Diversity order
of the system is derived analytically. The system SEP is calculated semi-analytically using
the EM algorithm.

The main inconveniences of the system of 6.1 are that it requires the exact CSI at the
transmitter side; due to the multi-antenna relay structures, the system is complex and as
a result expensive; and we assumed perfect source-relay links which may not be realistic.
In the last chapter a multi-relay distributed cooperative relaying scheme was addressed in
which: i) only second order statistics of the channels are known, ii) the relays are equipped
with only one relay, and iii) the source-relay link imperfections are taken into account.
In this chapter the precoding vectors are optimized to maximize the signal to noise plus
interference ratio (SINR) at the MSs. Two type of power constraints are discussed. The
first case is when the total source plus relay transmission power is constrained while in the

second scenario the individual relay powers are constrained.

The following may be envisaged for the continuation of this work:

e Several numerical optimization processes may be used in order to allocate the relay
powers. One promising solution is the use of Particle Swarm Optimization (PSO)
[73,74] to maximize the overall capacity or to minimize the SEP or outage probability
while maintaining the sum of the transmission power of all relays below a given
threshold. In fact a slightly modified version of PSO dealing with optimizing a goal

function over a spheric surface has been proposed in [48]. Since our system constraint
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(ie. Y. P, =5z = C*°) is the mathematical expression of a sphere, this modified

version of PSO is well adapted to our system.

e Another interesting continuation would be to take into account the imperfection of

the first hop where the source sends the information towards the relays.

e We can try to use relay assignment algorithms |75] in order to find the best L relays
out of available L’ relays. The selection criterion may be to maximize overall capacity

or to minimize the outage probability.

e The estimation error of the channel coefficients at the relays can be taken into account

and the effect of such error on the SEP at the destination can be evaluated.
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La demande en moyens de communications toujours plus rapides et plus fiables est en aug-
mentation permanente. Pour répondre a cela, les chercheurs doivent faire face & de nom-
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Many challenges face researchers trying to provide such systems and schemes. Cooperative
networks have been successfully used to enhance the performance of telecommunication sys-
tems. Among different cooperative strategies, distributed cooperative relaying have shown
to be a promising scheme. This dissertation addresses the problem of optimizing the pre-
coding vectors in order to improve the system performance of multi-user multi-relay coop-
erative networks. Precoding vectors are used to cancel out the multiple access interference,
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